Math. Control Signals Syst. (2017) 29:2 @ CrossMark
https://doi.org/10.1007/s00498-017-0203-z

ORIGINAL ARTICLE

Transfer functions of infinite-dimensional systems:
positive realness and stabilization

C. Guiver'® - H. Logemann' - M. R. Opmeer!

Received: 3 January 2017 / Accepted: 17 September 2017 / Published online: 9 December 2017
© Springer-Verlag London Ltd., part of Springer Nature 2017

Abstract We consider a general class of operator-valued irrational positive-real func-
tions with an emphasis on their frequency-domain properties and the relation with
stabilization by output feedback. Such functions arise naturally as the transfer functions
of numerous infinite-dimensional control systems, including examples specified by
PDEs. Our results include characterizations of positive realness in terms of imaginary
axis conditions, as well as characterizations in terms of stabilizing output feedback,
where both static and dynamic output feedback are considered. In particular, it is
shown that stabilizability by all static output feedback operators belonging to a sector
can be characterized in terms of a natural positive-real condition and, furthermore,
we derive a characterization of positive realness in terms of a mixture of imaginary
axis and stabilization conditions. Finally, we introduce concepts of strict and strong
positive realness, prove results which relate these notions and analyse the relation-
ship between the strong positive realness property and stabilization by feedback. The
theory is illustrated by examples, some arising from controlled and observed partial
differential equations.
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1 Introduction

The concept of a positive-real function seems to originate in Brune’s 1931 paper [11]
and underlies the realization theory of electrical networks [1,6,32,48,52]. The appeal
of the frequency-domain notion of positive realness in circuits and networks stems
from the physical insight it provides together with the compactness and elegance of the
mathematical formulation. Positive realness and the associated time-domain concept of
passivity are not only pivotal in the theory of circuits and networks, but also play a key
role in systems and control theory (see, for example [1,9,10,13,22,25,27,28,47,53]),
with the positive-real lemma (or Kalman—Yakubovich—-Popov lemma) being perhaps
the best known result of the field. Equally important concepts in control theory are
stability and stabilization to which positive realness is closely related via absolute
stability theory [10,22,25,27,47,53] and positive-real characterizations of sets of sta-
bilizing output feedback gains [9,25]. Whilst classical absolute stability theory focuses
on global asymptotic stability and L?-stability (where, usually, p = 2 or p = 00),
more recent work [2,25,36,37] shows that the circle criterion extends to an input-to-
state stability setting and positive realness continues to play a key role in this context.
Furthermore, certain numerical methods (for example, linear multistep methods) can
be interpreted as (discrete-time) Lur’e systems and positive-real functions can be used
in the stability analysis of these methods [12,17,31].

The purpose of this paper is to derive basic properties of irrational operator-
valued positive-real functions and to study the relationship between positive realness
and stabilization by output feedback. Irrational operator-valued positive-real func-
tions arise naturally in the analysis and synthesis of infinite-dimensional control
systems. Whilst transfer functions (and, more generally, frequency-domain meth-
ods) for infinite-dimensional systems have received considerable attention in the
last 25 years [14,16,38,43,44,50,51,57], we feel that frequency-domain properties
of irrational positive-real functions and their relation to stabilization by output
feedback have not been sufficiently studied in the literature. Topics which we do
not discuss are time-domain characterizations of positive-real functions (such as
Poisson integral representations or characterizations in terms of inverse Laplace trans-
forms [52,54,55]) and state-space characterizations (the Kalman—Yakubovich—Popov
lemma [3-5,41,42]); however, we do consider sufficient conditions for positive real-
ness in state-space terms (see Theorem 7.8).

One motivation for the present study is to provide the necessary results on irrational
operator-valued positive-real functions needed for the development of satisfactory
versions of the circle and Popov criteria for infinite-dimensional systems. Positive
realness plays a crucial role in this development (see, for example, [22,25,27,47] for
the finite-dimensional case). In order to keep the paper at a reasonable length and with
a single focus, we, however, do not present absolute stability results here (but instead
refer to [20]).
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We now briefly highlight the main results obtained in this paper. We work in a fairly
general stetting given by the class of all operator-valued transfer functions which are
holomorphic on a half plane Re s > o with the exception of (possibly infinitely many)
isolated points, either poles or essential singularities, where « is a real number (usually,
a < 0). We obtain a characterization of positive realness in terms of imaginary axis
conditions and a condition at infinity in Theorem 3.7 (which extends a well-known
result for rational matrix-valued functions to our general setting). Following the litera-
ture on finite-dimensional systems, we introduce concepts of strict and strong positive
realness and present a result (Theorem 4.4) which relates these concepts. Further-
more, Theorem 6.3 provides a necessary and sufficient condition for positive realness
in terms of a mixture of imaginary axis and stabilizability properties, and we prove
that positive realness of a transfer function is equivalent to every strictly dissipative
static output feedback being stabilizing (Theorem 6.4). Invoking the concept of strong
positive realness, the latter results are extended to include dynamic output feedback
(see Theorem 6.16). Our analysis of the relationship between positive realness and
stabilization by static output feedback culminates in Theorem 6.8 which is reminiscent
of the circle criterion: this result shows that, given a transfer function H and feedback
operators K1 and K>, the function (I — Ko H)(I — K} H)_l is positive real if, and only
if, every operator K in the “sector” defined by K| and K> is a stabilizing feedback
operator for H.

The paper is organized as follows. Section 2 collects relevant notation, termi-
nology and operator theory preliminaries. Sections 3 and 4, respectively, discuss
positive realness and strict/strong positive realness in some detail and contain two
of the main results mentioned above (namely Theorems 3.7 and 4.4). In Sect. 5, we
provide a careful treatment of static output feedback for irrational operator-valued
transfer functions: in particular, we introduce the concepts of admissible and stabiliz-
ing feedback operators (extending concepts in [51] to our setting) and investigate
their properties. Section 6 focuses on the relationship between positive-real con-
cepts and stabilization properties: Theorems 6.4, 6.8 and 6.16, already mentioned
above, are the key results in this context. In Sect. 7, the penultimate section, we
discuss links between positive realness and state-space systems (in form of system
nodes [43]): in particular, we present a sufficient condition for (strict, strong) positive
realness of the transfer function of a system node S in terms of certain dissipativ-
ity properties of S (see Theorem 7.8). These properties can frequently be checked
in a PDE context and this we do in a number of examples which serve to illus-
trate some of the main results of the paper. Section 8 contains some summarizing
comments and potential future lines of enquiry. Finally, to avoid disruptions to the
flow of the presentation, the proofs of some technical results are relegated to the
Appendix.

2 Notation and preliminaries
Fora e Randr > 0,set Cy :={s e C:Res > a}and A, :={s € C : |s| > r}.

Let U be a complex Hilbert space. The unit sphere in U will be denoted by E/, that
is, Ey := {u € U : |lu|]] = 1}. The Banach space of all linear bounded operators
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U — Y, where Y is another complex Hilbert space, will be denoted by L(U, Y). We
set L(U) := L(U, U). Furthermore, if K € L(Y,U) and r > 0, we set

B(K,r)={Le L, U):|L-—K| <r}.

The following result is well known (as is the fact that it is not valid for real Hilbert
spaces). A proof of statements (1) and (2) may be found in [29, Lemma 3.9-3 (b)]
and [29, Theorem 3.10-3 (b)], respectively.

Lemma 2.1 Let S € L(U). The following statements hold.
(1) If (Su,u) =0 forallu € U, then S = 0.
) If (Su,u) e Rforallu € U, then S = S*.

For self-adjoint operators S and 7' in £L(U), we define:

S>T if(S—T)u,u) >0 forallu € Ey,
S>T if((S—T)u,u) >0 forallueEy.

For § € L(U), we define the self-adjoint operator
1 *
Re S = §(S+ S*)y e LU),

the real part of S. The proof of the following lemma can be found in the Appendix.

Lemma 2.2 Let S € L(U) and 0 < § < 1. The following statements are equivalent.

(1) 2Re S > (1 —8H(1 +8)71(1 + 5*S).
(2) I + S is invertible and ||(I — S)(I + S)~ 1| < 8.

As an immediate consequence of Lemma 2.2, we obtain the following corollary.

Corollary 2.3 Let S € L(U) andlet B C L(U) be bounded. The following statements
hold.

(1) Re S = 0if. and only if. I + S is invertible and ||(I — S)(I + )~ || < 1.
(2) There exists € > 0 such that Re T = ¢l forall T € B if, andonly if, I + T is
invertible for all T € B and supy g ||(I — T)(I + T)7!|| < 1.

The mapping S — (I —S)(I+5)~!is often called the Cayley transform. Corollary 2.3
is well known, but it is difficult to find a reference where a proof is given; this applies
particularly to statement (2). Statement (1) is a special case of a more general result
for accretive operators; see, for example, [23, Proposition C.7.2].

Recall that a linear operator S : D(S) — U with domain D(S) C U is said to be
dissipative if Re (Su, u) < 0 for all u € D(S) and strictly dissipative if there exists
e > 0 such Re (Su,u) < —e||u||? for all u € D(S). Note that if § € L£(U), then
dissipativity of S can be expressed as —Re S > 0 and S is strictly dissipative if, and
only if, —Re § > ¢/ for some ¢ > 0.
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Lemma 2.4 An operator S € L(U) is strictly dissipative if, and only if, there exists
r > 0 such that |S+rl| <r.

Proof Let S € L(U) and r > 0 and note that
IS+ rDul® = ||Su + rull® = ||Sul|® +2r(Re Su, u) +r> Yu e Ey. (2.1)
Assume that S is strictly dissipative. Then, there exists € > 0 such that
(Re Su,u) < —e VuekEy.
Consequently, by (2.1),

IS+ rIlI> = sup [|(S+rDull> < r?+ ||S|? — 2re.

MEEU

Choosing r > ||S||?/(2¢), we see that || S +rI| < r.
Conversely, assume that there exists » > 0 such that ||S + rI|| < r. Setting
g :=r2—||S +rI|?, it follows from (2.1) that

—e=|IS+rI|?—r* > |Sull® + 2r(Re Su,u) > 2r(Re Su,u) VYucEy,
implying strict dissipativity of S. O

Lemma 2.4 says in particular that every operator in B(—r 7, r) is strictly dissipative.
The next result shows that the ball B(—r 1, r) has a straightforward parametrization in
terms of all strictly dissipative operators.

Lemma 2.5 Let r > 0. An operator S € L(U) satisfies ||S + rI|| < r if, and
only if, there exists a strictly dissipative operator K € L(U) such that S = (I —
(1/2rK)"'K.

Proof Letr > 0andseto :=1/Q2r). If S € B(—rl1,r), then ||(1/2)] + 0S| < 1/2
so that |0 S|| < 1, and hence, I + ¢ S is invertible. Defining K := S(I + aS)7 !, we
have that ] —oK = (I +0S) " andso § = (I — oK)~ K. It remains to show that
K is strictly dissipative. A straightforward calculation yields that

I +0K)I —oK)™ | =205 +1/Qo)I|| = IS +r1||/r <1,
whence, by Corollary 2.3, it follows that there exists ¢ > 0 such thatRe (—o K) > ¢1.
We conclude that K is strictly dissipative.
Conversely, let K be strictly dissipative. Then Re (—o K) > eI for some ¢ > 0
and we may use Corollary 2.3 to conclude

(I —oK) 'K +1/Q0)I|| =1/Qo)|(I —oK) "I +0K)| <1/Q20).

Now, o = 1/(2r) and so (I — (1/2r)K)"'K e B(—rI, r), as required. m|
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Next, we introduce notation and terminology for various classes of operator-
valued functions that we shall make extensive use of. For open 2 C C, the set
of all holomorphic functions 2 — L(U,Y) is denoted by H(£2, L(U,Y)). For
H € H($2, L(U,Y)), we set H*(s) := [H(s)]* (the adjoint of H(s)) for all s € £2,
and, if Y = U, H™!(s) := [H(s)]™' for all s € £ for which H(s) is invertible.
Assume that the subset IT C £2 does not have any accumulation points in £2. A func-
tion H € H(2\I1, L(U, Y)) is said to be meromorphic if all points in [T are poles
of H, that is, for every point p € I1, the principal part of the Laurent expansion of H
about p is a finite sum.

It is convenient to set

Ho (LU, Y)) :=H(Cy, LU, Y)).

Furthermore, 1 (L(U, Y)) denotes the set of all L(U, Y)-valued functions which are
holomorphic on C,, with the exception of isolated points, namely poles and essential
singularities.1 This means, H € H} (L(U, Y)) if, and only if, there exists a set Xy C
Cyq such that Xy does not have any accumulation points in C,, (or, equivalently, YgNK
is finite for every compact subset K C C,) and H € H(Cy\ Xy, L(U, Y)). Every
point in Xy is a pole or essential singularity of H. Trivially, every £(U, Y)-valued
function which is meromorphic on C,, is an element of H, (L(U, Y)). In particular,

Ho (LU, Y)) C HL(LWU, Y)).

Note that Ho(L(U, Y)) and H},(L(U, Y)) are vector spaces and, if U = Y, these
spaces form (non-commutative) algebras with identity I := Iy. We refer to [19,
Chapter 9] for a treatment of holomorphic and meromorphic functions and isolated
singularities in the vector-valued case.

Let H°(L(U, Y)) denote the space of all bounded holomorphic functions C, —
L(U,Y). Obviously, H3°(L(U, Y)) C Ho(L(U, Y)) and, endowed with the norm

H]l7ge := sup [H(s)|,

seCqy

‘HS°(L(U, Y)) is a Banach space. Furthermore, HS° (L(U)) is a Banach algebra.
In the scalar-valued case U = Y = C, we simply write }, and HS° for H}, (L(C))
and Hg° (L(C)), respectively.

3 Positive realness

We start with the definition of positive-real functions with values in L(U).

Definition 3.1 A function H € H}(L(U)), where o < 0, is said to be positive real if

Re (H(s)u,u) >0 YueU, VseCo\Zh. 3.1)

1 We do not consider removable singularities: it is understood that they have been removed by holomorphic
extension.
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Alternatively, (3.1) can be expressed in the form,
H(s) + H*(s) =0 Vs € Co\Zn,
or, equivalently,
ReH(s) =0 Vs € Cp\Xy.

In Brune’s paper [11], a (scalar and rational) positive-real function is assumed to be
real on the real axis, and the term positive is used for the functions that satisfy (3.1).
Although many physically motivated transfer functions enjoy a realness property on
the real axis, we do not impose it in Definition 3.1 for the simple reason that it is
not needed in the present paper. Nevertheless, we still use the terminology positive
real since it captures that the real part of the function under consideration is positive
(non-negative, to be precise).

We provide a number of examples of positive-real functions, each of which has prop-
erties which cannot occur in the rational case. These examples show that positive-real
functions may have infinitely many simple poles on the imaginary axis and that absence
of essential singularities or branch points on the imaginary axis is not necessary for
positive realness.

Example 3.2 (a) The hyperbolic tangent function tanh, given by

—2s

1—e
tanh(s) = m,

is meromorphic on the whole complex plane and hence is in H; for every o € R. The
function tanh has infinitely many simple poles and infinitely many simple zeros, all of
which are on the imaginary axis and are located at (k + 1/2)mi and ki, respectively,
where k € Z. Since

1— e—4Re s

Re tanh(s) = ———,
S T
for all s € C which are not poles of tanh, it is clear that tanh is positive real.
(b) Consider H defined by

o0

Ck
HO) =) i
k=0

where (Cy) is a bounded sequence of self-adjoint positive-semidefinite operators in
L(U), none of which is the zero operator. The above series converges in the uniform
operator topology. It is not difficult to show that the function H is meromorphic on C,
it has simple poles at ik> for every k € Ny, and it is positive real.

(c) Define H(s) := 1 +e~1/5. Then, H € H;, forevery € Rand H € H. It
is clear that H has precisely one singularity, namely an essential singularity at s = 0.
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A straightforward calculation shows that Re H(s) > O for all s € Cy, and so H is
positive real.

(d) Let H be the principal branch of the function s + s7 defined on the slit plane
C\(—00,0], where 0 < g < 1. Then, H € H{ (but H ¢ H}, for any « < 0) and H
has a branch point at 0. The function H maps C onto the sector {s € Cy : —gm/2 <
args < gm/2} and hence is positive real. O

Itis clear that the sum of two positive-real functions is positive real and that the positive-
real property is retained under multiplication with non-negative scalars. Below, we will
derive a number of important properties of positive-real functions, see Propositions 3.3,
3.4 and 3.5.

Proposition 3.3 If a function H € H}(L(U)), where a < 0O, is positive real, then

H does not have any singularities in Cy (or, equivalently, g N Cy = ), and so
H € Ho(L(U)).

Proof We prove the claim by contraposition. To this end, suppose that g N Cy # ¢
and let so € Xy N Cp. Then, in a sufficiently small punctured open disc A C Cy
centred at so, H has a convergent Laurent expansion:

oo oo
H(s) =Y H_j(s —s0) ™+ Hj(s —s50) Vsea,
j=1 j=0

where Hj € L(U) forall j € Z. Letu € U and define
Ju:={j>0:(H_ju,u) #0}.

Then, there exists v € U such that J, # @ (otherwise, by Lemma 2.1, H_; = 0
for every j > 1 and sop would not be a singularity). Define the scalar-valued function
h € H} by h(s) :== (H(s)v, v) for all s € C,. If J,, is infinite, then / has an essential
singularity at s and it follows from the Casorati—Weierstrass theorem [30, Theorem
4, p.43] that there exists z € A such that

(ReH(z)v,v) =Reh(z) <0,

showing that H is not positive real.
Assume now that J,, is finite and set k := max J,. Then, & has a pole of order k at
so and hence, on A, the function # is of the form

~ ho+g()
T (s — o)k

h(s) Vs e A,

where hg # 0, g is holomorphic on A U {so} and g(sg) = 0. For sufficiently small
r > 0, we have

h(so +re'?y = r*e™™ (g + g(so +re'”)) V6 € (-, 7].
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Choosing 6y € (—m, 7] such that Re (e "*%h) < 0 and using the fact that g (so) = 0,
it follows, that, for all sufficiently small » > 0,

(Re H(so + re'®)v, v) = Re h(sg + re'®) < 0.

This shows that H is not positive real, completing the proof. O

We remark that, in contrast to Definition 3.1, in the literature analyticity on Cy is
usually included in the definition of the positive-real property, see, for example, [1, 10,
32,52,54,55]. Proposition 3.3 shows that this is not necessary and that the positive-real
property (in the sense of Definition 3.1) implies the absence of any singularities in Cyp.
The next result is concerned with right-half plane “zeros” (in some sense) of the real
part of a positive-real function.

Proposition 3.4 Assume that H € H}(L(U)), where a < 0, is positive real, let
so € Co and let u € U. The following statements hold.

(1) If (ReH(so)u,u) = 0, then (H(s)u,u) = in for all s € Cy, where n =
Im (H(so)u, u) € R. In particular, (Re H(s)u, u) = 0 for all s € Cy.

(2) If (ReH(sg)u, u) > 0, then (Re H(s)u, u) > 0 forall s € Cy.

(3) IfReH(sg) > 0, then ReH(s) > 0 for all s € Cy.

(4) IfReH(sg) # O, then Re H(s) # 0 for all s € Cy.

(5) IfReH(sg) = 0, then H(s) = H(sg) for all s € C.

Note that the condition Re H(sg) = 0 in statement (5) means that H(sg) is skew-
adjoint.

Proof of Proposition 3.4 Let sy € Cp and u € U. Define a scalar-valued positive-real
function 2 on Cg by setting A (s) := (H(s)u, u) for all s € Cy. To prove statement (1),
let £2 C Cy be a neighborhood of s¢. By the positive realness of &, the set 4(£2) is not
a neighborhood of /(sg) = in € iR, and so & must be constant as follows from the
open mapping theorem. Consequently, i(s) = h(sp) = in for all s € Cp. Statement
(2) is an immediate consequence of statement (1). The proofs of statements (3)—(5)
follow from routine arguments based on Lemma 2.1 and statements (1) and (2). O

We remark that statements (1) and (2) of Proposition 3.4 are known for matrix-
valued functions with rational components, see [32, Theorem 5.6] (the proof in [32]
is based on the maximum modulus principle and not on the open mapping theorem).

The following result shows that the positive-real property is preserved under inver-
sion. Not surprisingly, this fact is well known for rational positive-real matrices, see,
for example, [32, Theorem 5.8].

Proposition 3.5 Let H € H}(L(U)), where o < 0, be positive real and assume that
H(s) is invertible for all s € Cy. Then, H!is positive real.

Proof Letu € U and s € C and set v := H™!(s)u. Then,
(ReH '(s)u, u) = Re (H™'(s)u, u) = Re (H(s)v, v) = (Re H(s)v, v) > 0.

Since u € U and s € Cy are arbitrary, we conclude that H™! is positive real. O
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The next result, which is an immediate consequence of Corollary 2.3 and Proposi-
tion 3.3, relates positive realness to a certain contraction property (sometimes referred
to as “bounded real”).

Corollary 3.6 Let H € H:(L(U)), where a < 0. The following statements hold.

(1) IfH is positive real, then H € Ho(L(U)), I + H(s) is invertible for s € Cy and
I =) +H) g < 1.
(2) If; for every s € Co\ Xu, the operator I + H(s) is invertible and

(I —HE)T +Hs) <1,

then H is positive real.

Note that if the hypothesis of statement (2) of Corollary 3.6 holds, then (I —H(s)) (I +
H(s))~! extends holomorphically to Cq and the extension is a contraction (that is, its
‘HE°-norm is less than or equal to 1). The mapping H — (I — H)(/ + H) ! is often
referred to in the systems and control theory literature as an external Cayley transform,
or a diagonal transform, see [32, Theorem 5.13] or [42].

In Sect. 6, we provide a number of characterizations of positive realness in terms
of stabilizing feedback operators. The remainder of the present section considers nec-
essary and sufficient conditions for positive realness in terms of analyticity on Co, the
behaviour on the imaginary axis and conditions at co.

Theorem 3.7 Let H € H}(L(U)), where o« < 0. The function H is positive real if,
and only if, the following conditions hold.

(a) H € Ho(L(U)).
(b) ReH(iw) > 0 for all v € R such thatiw ¢ Xq.
(c) Ifiwg is a pole of H, where wq € R, then it is simple and the residue operator

R := lim (s —iwo)H(s),
0

S—> 1,

is self-adjoint and positive semidefinite, that is, R = R* > 0.
(d) Ifiwg is an essential singularity of H, where wgy € R, then

liminf (ReH(s)u,u) >0 YueU.

s—iwp, s€Cy
(e) liminf |00, secy(ReH(s)u, u) >0 Yu e U.

As will follow from an inspection of the proof, Theorem 3.7 remains valid if the
inequality in statement (e) is replaced by the condition

liminf (ReH(s)u,u) > —oo Vu € U.

|s|—00, s€Cy

The proof of Theorem 3.7 is facilitated by the following proposition which we shall
prove first, before we proceed to prove Theorem 3.7.
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Proposition 3.8 Let H € H} (L(U)), where o < 0, and let Uy be a dense subset of
U. The function H is positive real if, and only if, H € Ho(L(U)),

liminf (ReH(s)u,u) >0 Yu e Uy, VE&e€iR, (3.2)
s—&,5€Cy
and
liminf (ReH(s)u,u) > —oo Yu € Uy. (3.3)

|s|— 00, seCq

Proof Assume that H is positive real. It is a consequence of Proposition 3.3 that
H € Ho(L(U)), whilst (3.2) and (3.3) follow immediately from the positive realness
of H.

Conversely, assume that H € Ho(L(U)) and that (3.2) and (3.3) hold. Let u € Uy
and define g(s) := —(Re H(s)u, u). Since H is holomorphic on Cy, we obtain that g
is harmonic and, a fortiori, subharmonic on Cy. By (3.2) and (3.3),

limsup g(s) <0 V&e€iR and limsup g(s) < oo,

s—£&,5€Cy |s|—o00, seCop

and an application of the Phragmén-Lindelof theorem for subharmonic functions
defined in the complex plane (see [34, Theorem 2.3.2 and Corollary 2.3.3]) yields that
g(s) <0 forall s € Cy. Since u was an arbitrary element in Uy and Uy is dense in
U, it follows that (Re H(s)u, u) > 0 for all s € Cy and all u € U, showing that H is
positive real. O

Proof of Theorem 3.7 Assume that H is positive real. Then, by Proposition 3.3, H €
Ho(L(U)), and so condition (a) is satisfied. Conditions (d) and (e) follow trivially
from the positive realness of H.

It remains to show that conditions (b) and (c) hold, for which we shall make use of
the assumption that @ < 0. Consequently, H(s) is well defined for every s € iR\ X'q.
Let w € R be such that iw ¢ Xy and let (s;,) be a sequence in Cy such that s, — iw
asn — oo. Then, H(s,) — H(iw) (in the uniform operator topology) as n — oo and
hence Re H(iw) > 0, showing that condition (b) holds.

We proceed to show that condition (c) is satisfied. To this end, let wp € R and
assume that iwg is a pole of H. Then, in a sufficiently small punctured open disc
A C C, centred at i wg, H has a convergent Laurent expansion of the form

k o)
H(s) =) H_j(s —iwo) ™/ + Y Hj(s —iwp)) VseA.
j=1 j=0
where k > 1 and H_y, H_j+1, H_j42, ... are operators in L(U) with H_; # 0.
For u € U define h,(s) := (H(s)u,u) and p(u) := (H_ju, u). It is clear that h,
is holomorphic on A and, by Lemma 2.1, there exists v € U such that p(v) # O,

implying that 4, has a pole of order k at iwg. As in the proof of Proposition 3.3, it can
be shown that, for all sufficiently small » > Oand allu € U,

hu(iwo +re'®) = r*e ™ (p(u) + gu(iwg +re'®)) VO € (—m, 7], (3.4

where g, is holomorphic on A U {iwg} and g, (iwg) = 0.
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Seeking a contradiction, assume thatk > 2. Invoking (3.4) withu = v and using that
p(v) # 0, itis clear that there exists 6y € (—/2, /2) such that Re (e %% p(v)) < 0.
Since g, (iwg) = 0, it follows that, for all sufficiently small > 0,

(ReH(iwy + re'®)v, v) = Re hy(iwg + re'®) < 0.

But iwp + rei? e Cyp, and thus, we obtain a contradiction to the positive realness of
H. Consequently, £ = 1 and the pole at iwg is simple. Furthermore,

p(u) = (H_ju,u) = (Ru,u) YuelU,

where R = lim_ ;, (s —iwo)H(s) is the residue operator. We now use (3.4) to obtain
that, for all sufficiently small » > 0,

0 < rRehy,(iwy+ re®) = Re p(u) cos® + Im p(u) sin® + O ()
YO e (—n/2,7/2), (3.5)

where the term O (r) isreal and O(r) — Oasr — 0. Setting & = 0 and letting r — O,

it follows from (3.5) that Re p(u) > 0. Furthermore, letting r — 0 and 8 — +m/2
in (3.5), we see that Im p(u) = 0. Since u € U is arbitrary, we conclude that

(Ru,u) =pu)>0 Yuel. 3.6)

It is a consequence of Lemma 2.1 and (3.6) that R is self-adjoint.

To prove the converse, assume that conditions (a)—(e) are satisfied. By Proposi-
tion 3.8, it is sufficient to show that (3.2) and (3.3) hold. Obviously (3.3) is implied
by condition (e). Let £ € iR. If £ is not a pole of H, then it follows trivially from
conditions (b) and (d) that

liminf (ReH(s)u,u) >0 YueU. 3.7

f
s—&,5€Cyp
It therefore only remains to show that (3.7) holds if & = iwy is a pole of H. To this end,
note that, by condition (c), the function G defined by G(s) := H(s) — R/(s —iwp) is
holomorphic in iwg. Since R = R* > 0, we have
Re (G(s)u,u) < Re (H(s)u,u) Vs € Cyp, VYueU,
implying that

liminf Re(G(s)u,u) < liminf Re (H(s)u,u) Yu e U. (3.8)

s—iwg, s€Cq s—iwg, s€eCq

Choose a sequence (wy,),eN in R such that w, — wg asn — oo and iw, ¢ Xy for
all n € N. We have

Re (G(iwp)u, u) = Re (H(iw,)u,u) >0 VneN, VYuel,
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where the inequality follows from condition (b). Using that G is holomorphic at i wy,
we conclude that

Re (G(iwp)u,u) >0 Yu e U,
and so

liminf Re (G(s)u,u) = Re (G(iwp)u,u) >0 Yu e U.

s—iwg, s€Cy

Combining the above equality with (3.8) gives

liminf Re (H(s)u,u) >0 Yu e U,

s—iwg, s€Cy
as desired. |

We remark that, in the above proof, the argument which shows that condition (c) is
necessary for positive realness is well known and has been used in less general contexts,
see, for example, [1, Theorem 2.7.2] or [32, Theorem 5.1]. An inspection of the proof
of Theorem 3.7 shows that Theorem 3.7 remains valid if the liminf inequalities in
conditions (d) and (e) are assumed to hold only for all  in a dense subset of U.

The conditions (a)—(c) of Theorem 3.7 are familiar from finite-dimensional positive
realness theory, in the context of which condition (d) is irrelevant. In certain situations,
condition (e) in Theorem 3.7 can be expressed in a different, perhaps more appealing
way. To this end, it is useful to introduce the following terminology: a function H €
HE(L(U)) is said to be meromorphic at oo if there exists r > 0 such that H is defined
on A, and meromorphic on A, U{oo}, that s, the function s — H(1/s) is meromorphic
on the disc with centre 0 and radius 1/r. Note that if H is meromorphic at oo, then
there exists r > 0 such that H is holomorphic on A, and, furthermore, there exist
k € Z and operators H; € L(U), where j =k, k+ 1,k +2..., such that

o0
H(s) = Z His™/ VseA,. (3.9)
j=k

The operator H_ is said to be the residue of H at co. If k = 0, then H is said to be
holomorphic at oo and we set

H(oco) := lim H(s) = Hy.
|s]—o00

Obvious examples of functions which are meromorphic at co are the so-called rational
functions, thatis, £(U)-valued functions which are meromorphic on CU{oo}, see [35].
It is straightforward to show that a £(U)-valued function H is rational if, and only
if, H = (1/p)P, where p and P are scalar-valued and £(U)-valued polynomials,
respectively. A class of functions which are holomorphic at oo are the resolvents of
operators in L(U).
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The next result contains a characterization of positive realness for transfer functions
which are meromorphic at co.

Corollary 3.9 Let H € H}(L(U)), where o < 0. Assume that H is meromorphic at
00. Under these conditions, H is positive real, if and only if, conditions (a), (b) and (d)
of Theorem 3.7 hold and, further, any pole & of Hin iR U {oo} is simple and the residue
operator given by

(3.10)

Re = { lim,¢(s = £H(s), if & € iR,

limg) 0o (1/5)H(s), if§ = oo,
satisfies Re = R; > 0.

Proof By assumption, H is meromorphic on C, U A, for some » > 0. Define G
by G(s) = H(l/s) and let 8 < 0. We note that the function s — 1/s maps Cg
onto the exterior of the closed disc {s € C : |[s — 1/(28)| < 1/(2|B])}. By choosing
B :=a/(r?) < 0, it is guaranteed that any point z with |z — 1/(28)| > 1/(2|8]) and
Re z < «a satisfies |z| > r, implying that, with this choice of 8, the function s — 1/s
maps Cg into C, U A,. Consequently, the function G is defined on (at least) Cg,
G e H;; (L(U)) and G is positive real if, and only if H is positive real.

Assume that H is positive real. From Theorem 3.7, we immediately obtain all the
desired properties except for the condition at co. An application of Theorem 3.7 to
the positive-real function G shows that G is either holomorphic at 0 or has a simple
pole at O with residue operator S satisfying S = S* > 0. It follows that H is either
holomorphic at oo or has a simple pole at co with residue operator Ry, = S, showing
that H satisfies the desired condition at co.

Conversely, assume that H satisfies conditions (a), (b) and (d) of Theorem 3.7 and
that any pole £ € iR U {oo} of H is simple with self-adjoint and positive semidefinite
residue operator Rz. By Theorem 3.7, it is sufficient to show that

liminf (ReH(s)u,u) >0 YueU. (3.11)

|s|—00, s€Cy
Setting

0, if H is holomorphic at co

Hy(s) := H(s) — sR, where R := { Re. if H has a simple pole at 0o,

it is clear that Hyp € M} (L(U)) and Hy is holomorphic at co. There exists wg > 0
such that for all @ > wq the function H (and hence Hp) is holomorphic at iw and

ReHp(iw) =ReH(iw) = 0 Vo > wp.

Consequently,

w—> 00, wE

Re Hp(c0) = | }im ReHp(s) = lim RRe Hy(iw) = 0,
S|—00 B
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and thus,

liminf (ReH(s)u, u) = (ReHp(co)u, u) + liminf (Res)(Ru, u)

|s|—00, s€Cy |s|—00, s€Cy

= (ReHp(co)u, u) = 0,

establishing (3.11) and completing the proof. O

As animmediate consequence of Corollary 3.9, we obtain the following criterion for
positive realness of £(U)-valued rational functions (which, of course, is well known,
at least in the case of finite-dimensional U).

Corollary 3.10 A L(U)-valued rational function H is positive real if, and only if,
conditions (a) and (b) of Theorem 3.7 hold and, further, any pole & of H in iR U {oo}
is simple and the residue operator Rg given by (3.10) satisfies Rg = R; > 0.

Finally, we replace condition (e) in Theorem 3.7 by a certain boundedness property
at 0o, to obtain a result which provides a sufficient condition for positive realness.

Corollary 3.11 LetH € H} (L(U)), where « < 0, and let Uy C U be a dense subset.
If conditions (a)—(d) of Theorem 3.7 are satisfied and

limsup |[(H(s)u,u)| < oo Yu € Uy, (3.12)

|s]— 00, s€Cy
holds, then the function H is positive real.

Before proving Corollary 3.11, we discuss an example which illustrates condi-
tion (3.12) and demonstrates that (3.12) does not rule out the possibility of infinitely
many imaginary axis poles.

Example 3.12 Assume that U is separable and that (u,),eN is an orthonormal basis
of U. Let Uy be the set of all finite linear combinations of the u,, which is known to
be dense in U. For every s € C\iN, define H(s) € L(U) by

S —1in

o (10, uy)
H(s)u ::Z ", YueU.

n=1
Defining R, € L(U) by
Rou == (u,uy)u, YueU,

then R, = R > 0 and the operator H(s) can be written in the form

]

1
H(s) =) — Ry Vse C\iN,

n=1
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where the series on the right-hand side converges in the strong operator topology. A
routine argument shows that H is holomorphic at s for every s € C\iN. It is clear
that H is meromorphic on C, and so, in particular, H € H},(L(U)) for every o < 0.
Moreover, Yy = iN and H has a simple pole at in for every n € N.

Whilstitis obvious that H is positive real, we nevertheless show that the assumptions
of Corollary 3.11 hold (implying that H is positive real). To this end, it is clear that the
conditions (a)—(d) of Theorem 3.7 are satisfied. Further, note that, for every u € Uy,
there exists k, € N such that R,u = 0 for all n > k,, and so

HEGu,u)=) ——=) ——— Yuel.

Consequently,

lim  (HG)u,u) =0 Yu € Uy,

|s|— 00, seCp

showing that (3.12) holds. Finally, we note that, for any u € U\Ujy, the set J,, := {n €
N : (u, u,) # 0} is infinite, and therefore,

(1, un)|?

s —in

(H(s)u,u) = Y

neJdy

has infinitely many poles on the imaginary axis, showing that (3.12) fails to hold for
every u € U\Up. O

Proof of Corollary 3.11 Condition (3.12) implies that

liminf (ReH(s)u,u) > —oo VYu € Uy.
|s|— 00, s€Cq

Since conditions (a)—(d) of Theorem 3.7 are satisfied (H € Ho(L(U)), in particular),
arguments very similar to those used in the proof of Theorem 3.7 show that

liminf (ReH(s)u,u) >0 Yu €Uy, VEe€iR.

s—&,5€Cy

It follows now from Proposition 3.8 that H is positive real. O

4 Strict and strong positive realness

The present section considers two stronger notions of positive realness and the rela-
tionships between them. We start with a definition.

Definition 4.1 Let H € H} (L(U)), where o < 0.

(1) The function H is said to be strictly positive real if o« < 0 and there exists
¢ € (0, —a) such that the function s — H(s — ¢) is positive real.
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(2) The function H is said to be strongly positive real if there exists § > 0 such that
ReH(s) > 81 Vs € Cyp\Xq.

Trivially, strictly or strongly positive-real functions are positive real. By Proposi-
tion 3.3, strongly (strictly) positive-real functions are holomorphic on Cy (C_; for
some ¢ > (). The sum of a positive-real and a strongly positive-real function is strongly
positive real, but the sum of a positive-real and a strictly positive-real function is in
general not strictly positive real. The sum of two strictly positive-real functions is
strictly positive real.

In some papers, such as [45], the term strictly positive real is used for positive-real
functions H that satisfy the strict inequality Re H(s) > O for all s € Cy and the term
extended strictly positive real is used for what we have termed strongly positive real.

Example 4.2 The function s — 2 + ¢~/ is strongly, but not strictly, positive real.

Furthermore, the function s + 1/(s + 1) is strictly, but not strongly, positive real.
Each of the functions s — s+ 1 and s — 2+ ¢~ is both strictly and strongly positive
real. O

The next result is reminiscent of Corollary 3.6 and links strong positive realness to a
certain “‘strict” contraction property.

Corollary 4.3 Let H € H},(L(U)), where a < 0. The following statements hold.

(1) IfH is strongly positive real and H € HSO (L)), then I +H(s) is invertible for
se€Coand |(I —H)U + H)‘1||H80 <1

(2) If I + H(s) is invertible for all s € Co\ Xy and ||(I — H)(I + H)_1||ch <1,
then H is strongly positive real and H € H® (L(U)).

Proof Statement (1) is a consequence of Corollary 2.3 and so is statement (2), with the
exception of the claim that H € H{"(L(U)). To prove this claim, set G := (I —H) (1 +
H)~!. Then, by hypothesis, ||G||H80 < 1. Consequently, (I + G)™! € HP (L)),

and thus, H = 2(/ + G)™' — I € HS*(L(U)). o

For a function H € H,(L(U)), where a < 0, we consider the following two condi-
tions:

limsup |[H(s)|| < oo forsome n € [«, 0) 4.1
|s| =00, seC,y
and
lim inf ( inf (ReH(iw)u, u)> > 0. “4.2)
|w|—00, weR \ueky

Several results relating strict and strong positive realness are given in the next theorem.

Theorem 4.4 Let H € H},(L(U)), where a < 0.

(1) If H is strictly positive real and conditions (4.1) and (4.2) hold, then there exist
B € (a,0) and § > 0 such that H € Hgo(ﬁ(U)) and

ReH(s) = 81 Vs e Cg; 4.3)
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in particular, H is strongly positive real.
(2) If there exist B € (a,0) and § > O such that H € HgO(E(U)) and

ReH(iw) > 6 Yw e R, 4.4

then H is strictly and strongly positive real.
(3) If H is strongly positive real, H € Hg(L(U)) for some B € (,0) and (4.1)
holds, then H is strictly positive real.

We state an immediate corollary of Theorem 4.4.

Corollary 4.5 Let H € H°(L(U)) for some a < 0. Then, H is strongly positive real
if, and only if, H is strictly positive real and (4.2) holds.

Proof of Theorem 4.4 To prove statement (1), assume that H is strictly positive real
and conditions (4.1) and (4.2) hold. By strict positive realness, there exists ¢ € (&, 0)
such that

ReH(s) =0 Vs e Cy,\Zn.
Invoking Proposition 3.3 shows that H is holomorphic in C,. Appealing to (4.1) and
choosing y € R such that max{n, ¢} <y <0, it follows that H € HJ°*(L(U)).

Next, we show that there exists § > 0 such that
ReH(iw) = 261 Yw e R. (4.5)
To this end, for every u € Ey, define i, : C, — Ry by
hy(s) = (ReH(s)u, u) = Re (H(s)u,u) >0, VseC,.

Moreover, we define & : C, — R by

h(s) = | i1”1f1 hu(s) >0, VseC,. (4.6)
ull=

It is not difficult to show that & is continuous (see Appendix). Let so € C,, and p > 0
such that {s € C : |s — so| < p} C C,. Then, since h, is harmonic (being the real
part of a holomorphic function), the mean-value property holds, that is,

1 2 "
hals0) = 5 /O (50 + pel®)do,

see, for example, [30, Chapter 11] or [34, Chapter 1]. Now, forevery u € Ey, h,(s) >
h(s) forall s € C, and so

1 2 )
By (so) > —/ h(so + pe'®)dd Yu e Ey.
2 0
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Consequently,

1 2 )
hiso) = — / hiso + pe'®)do,
2 0

showing that — 4 is subharmonic (see [30, Chapter 11] or [34, Chapter 2]). It follows
from (4.2) that there exists € R suchthat/(iw) > 0. There are now two possibilities:
h is constant or / is not constant. If / is constant, then 4(s) = h(iw) > 0 and (4.5)
holds with 8§ = h(iw)/2 > 0. Assume now that / is not constant, and let s € C, . Then,
for sufficiently small p > 0, it follows from the maximum principle for subharmonic
functions (see [30, Chapter 11] or [34, Chapter 2]) that

—h(s) < sup (—h(¢)) 0.
[E—=s|=p

Now s € C, was arbitrary and so, (s) > Oforall s € C,. Combining this with (4.2),
it follows that there exists 8 > 0 such that (4.5) holds.? Next, we show that

ReH(s) = 28] VseCy. 4.7

Let u € Ey and set g, (s) := 25 — Re (H(s)u, u) for all s € C,,. Then, g,(iw) < 0
for all w € R, and, since H is bounded on C),

limsup gu(s) < oo.
|s|— 00, s€Cy

An application of the Phragmén—Lindelof Theorem for subharmonic functions defined
in the complex plane (see [34, Theorem 2.3.2 and Corollary 2.3.3]) shows that g, (s) <
0 for all s € Cy. Consequently,

(ReH(s)u, u) = Re (H(s)u,u) > 28 Vs e Cy.

This holds for every u € Ey, establishing (4.7). In view of (4.5) and (4.7), it only
remains to show that there exists 8 € (y, 0) such that

ReH(s) = 81 forall s € Csuchthat § < Res < 0. 4.8)

Since H € H)‘io (L(U)), H is uniformly continuous on every vertical stripa < Res <
b, where y < a < b. Hence, there exists 8 € (y, 0) such that

IH(r +iw) —H({w)| <8 Vre[B,0], YoeR
Consequently,

(ReH(r + iw)u, u) > (ReH@{iw)u,u) —§ VYr e[B,0], Vo €eR, Vu € Ey,

2 In the case that U is finite dimensional, the use of subharmonic functions can be avoided by exploiting
the compactness of Ey;.
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and so, (4.8) follows from (4.5), establishing (4.3).

To prove statement (2), assume that there exist 8 € (¢, 0) and § > 0 such that
H e Hgo (L(U)) and (4.4) holds. As in the proof of statement (1), it can be shown
that there exist y € (8, 0) and ¢ € (0, §) such that

ReH(s) = el VseC,.

It now follows that H is strictly and strongly positive real.

Finally, to establish statement (3), assume that H is strongly positive real, H €
Hp(L(U)) for some B € («, 0) and (4.1) holds. By the two latter assumptions, there
exists y € (B,0) such that H € H;" (L(U)). Moreover, the strong positive realness
together with continuity on Cg implies that (4.4) holds. It follows now from state-
ment (2) that H is strictly positive real. O

5 Admissible and stabilizing feedback operators

The present section introduces the notions of admissible and stabilizing feedback
operators for the class of transfer functions given by

HA (LW, Y)) = | HoLw, vy,
aeR

and provides the required ingredients for the next section which contains results relat-
ing positive realness and stabilization. To that end, we define an equivalence relation
~on H*(L(U, Y)) by setting

G ~ H if G is a restriction of H or H is a restriction of G.

The corresponding equivalence classes form a vector space in a natural way and this
space is denoted by HX(L(U,Y)). It H € H:(L(U,Y)) for some o € R, then
H € H*(L(U, Y)) and we will usually identify H and the corresponding equivalence
class [H] and write H € H* (L(U, Y)). We note that in the case wherein U = Y,
the vector space HX (L(U,Y)) = HX(L(U)) is a (non-commutative) algebra with
identity / := Iy and the concept of an inverse is well defined: if H € H* (L(U)),
then G € H* (L(U)) is said to be an inverse of H if

GH=HG = 1.

If an inverse G exists, then it is unique and we writt G = H™!. It is clear that a
function H € H} (L(U)) is invertible in 1 (L(U)) if, and only if, there exists 8 > «
and G € H;;(E(U)) such that GH = HG = I on Cg.

Definition 5.1 Anoperator K € L(Y, U) s said tobe an admissible feedback operator
forH € H*(L(U,Y)) if I — KH is invertible in H* (L(U)).

@ Springer



Math. Control Signals Syst. (2017) 29:2 Page 21 of 61 2

Note that if H € H*(L(U, Y)), then H € H}(L(U, Y)) for some « € R, and K €
L(Y, U) is an admissible feedback operator for H if, and only if, there exists 8 > «
such that / — KH is invertible in ’H:g (LU)).IfK € L(Y, U) is an admissible feedback
operator for H € H*(L(U, Y)), then we define

HX .=HU — KH)™' e H*(LU, Y)). (5.1)

The concept of an admissible feedback operator presented in Definition 5.1 is similar,
but not the same, as that given in [51, Sect. 3] where the concept is defined in the
context of so-called well-posed transfer functions, that is, functions which belong to
HE(L(U, Y)) for some o € R. Proposition 5.2 extends results in [51] to the current
setting.

Proposition 5.2 Let H € H*(L(U, Y)) and K € L(Y, U). The following statements
hold.

(1) K is an admissible feedback operator for H if, and only if, I — HK is invertible
in H* (L(Y)). Furthermore, if K is an admissible feedback operator for H, then

HX = (1 —HK) 'H.
(2) Assume that K is an admissible feedback operator for H. Then, L € L(Y, U) is
an admissible feedback operator for HX if, and only if, K + L is an admissible
feedback operator for H, in which case,

(HK)L — HK+L.

Proof (1) Assume that K is an admissible feedback operator for H and set G :=
HXK + 1 € H*(L(Y)). Then,

G(I —HK)=HXK(I -HK)+I1 -HK =HX(I —KH)K +1 —HK =1,

and similarly, (I — HK)G = I, showing that I — HK is invertible in H* (L(Y)).
Furthermore, (I — HK)H = H(I — KH), and consequently,

HY =H(U - KkH)™' = (/ —HK) 'H.
Conversely, if I — HK is invertible in H* (L(Y)), then it is easy to show that K (I —
HK)~'H + I is the inverse of / — KH, implying that K is an admissible feedback
operator for H.
(2) Assume that K € L(Y, U) is an admissible feedback operator for H and let
L € L(Y, U). Noting that
(I — LH"Y(I1 —= KH) =1 — (K + L)H, (5.2)

we conclude that I — LHX is invertible if, and only if, I — (K + L)H is invertible.
Consequently, L is an admissible feedback operator for HX if, and only if, K + L is
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an admissible feedback operator for H. Finally, if, say, K + L is admissible for H,
then, by (5.2),

(I-KB)'U-LH "= - (K +L0H).

Multiplying from the left by H shows that (HX)L = HX+L, O

Definition 5.3 We say that K € L(Y, U) is a stabilizing feedback operator for H €
H*(L(U,Y)) if K is an admissible feedback operator for H and the intersection
[HX]1NHS(L(U, Y)) is non-empty.

If K is a stabilizing feedback operator for H, then, by the identity theorem, there exists
a unique function Cy — L(U, Y) in the intersection [HX] N H(‘)’o (L(U,Y)) which
will be denoted by Hg( . Note thatif H € H*(L(U, Y)) and K is a stabilizing feedback
operator for H, then HX = H(/ — KH)~! is defined on Cpg \ Xy for some B € R.If
B < 0, then the restriction of HX to Cy \ X is bounded and extends holomorphically
to Co. If B > 0, then HeK € H°(L(U, Y)) is a bounded holomorphic extension of
HX to Cy.

Proposition 5.4 Let H € 1} (L(U,Y)) for some a > 0 and let A C C, be the set of
points at which H is holomorphic. Assume that K € L(Y, U) is a stabilizing feedback
operator for H. The following statements hold.

(1) The operator I — KH(s) is invertible for every s € A and Hf (s) =H(s)({ —
KH(s))™ forall s € A.

(2) Let (s,) be a sequence in A such that lim, .« s, = o + iw for some w € R.
If the strong limits of H(s,) and H*(s,) exist as n — 00, then Hf (sp) has a
strong limit, and, denoting the strong limits of H(s,,) and Hg (sp) by H(a + iw)
and Hf (¢ + iw), respectively, we have that I — KH(« + iw) is invertible and
HX (0 +iw) = H(o + iw)(I — KH(a + iw)) ™.

If, in the above proposition, « > 0, then, trivially, Hg (sp) converges in the uniform
operator topology as n — oo (since HX is holomorphic on Cp). Statement (1) says
that if K is a stabilizing feedback operator for H, then I — KH(s) is invertible for
every s € C, for which H(s) “makes sense”.

The following simple lemma will facilitate the proof of statement (2) of Proposi-
tion 5.4. For an invertible operator S € L(U), we will use the notation S™* to denote
the inverse of S*.

Lemma 5.5 Let (S,) be a sequence of invertible operators in L(U). Assume that there
exists S € L(U) such that S and S* are the strong limits of S, and S;, respectively. If
sup,en 1S, Il < oo, then S is invertible and S,' and S, * converge strongly to S™!
and S™*, respectively.

A proof of Lemma 5.5 can be found in the Appendix.

Proof of Proposition 5.4 (1) Note that (I — KH)™! = KHX + I in H* (L(U, Y)),
that is, there exists § > « such that

(I —KH(s))™' = KHX (s) + 1 Vs e Cp\Zn,
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and thus
(I — KH(s))(KHEX (5) + 1) = (KHX (s) + D(I — KH(s)) = Vs € Cp\Zn.

The identity theorem implies that the above equation holds for all s € C,\ Xg = A,
showing that, foralls € A, I — KH(s) is invertible and Hf (s) = H(s)(I—KH(s))™".

(2) By statement (1), I — KH(s,,) is invertible for all n € N. Since (/ — KH)™! =
I + KHX it follows that

I(I - KH(s) ' | <p ¥neN,

where p := 1+ | K| IIHCKHHSO. Furthermore, by hypothesis, / — KH(s,) and I —
H*(s,,) K* have strong limits / — KH(« + iw) and I — H*(¢ + iw)K* as n — o0.
An application of Lemma 5.5 (with S,, = I — KH(s;,)) shows that I — KH(x + iw)
is invertible and

H(s,) (I — I(H(s”))_1 — H(e + io) (] — KH(x + ia)))_1 strongly, asn — oo.

Finally, since, by statement (1), Hf (sp) = H(s) (I — I(H(sn))’1 foralln € N, we
see that H(o + iw)(I — KH(e + iw))~! is the strong limit of Hf (sp)asn — co. O

For every H € H*(L(U, Y)), we define
S(H) :={K € L(Y,U) : K is a stabilizing feedback operator for H}.

The following result will be used extensively in Sect. 6.

Proposition 5.6 LetH € H*(L(U,Y)), K € SH)andr > 0. Then, B(K, r) C S(H)
if, and only if, |IHE |30 < 1/r.

It is an immediate consequence of Proposition 5.6 that S(H) is an open subset of
LY, U).

Proof of Proposition 5.6 Assume that ||H§||Hgo < 1/r.Let L € B(K,r). Then, L
is of the form L = K + D with D € L(Y, U) such that ||D| < r. Consequently,
|HEX 3= lIDIl < 1, and so D € S(HX). Proposition 5.2 guarantees that L = K + D
is an admissible feedback operator for H and, furthermore,

HY = HKP = NP in HE (LU, Y)).
Since [(HX)PTNHZ(L(U, Y)) # @, it follows that L € S(H) and hence B(K, r) C
S(H).
Conversely, assume that B(K, r) € S(H). Then, making use of Proposition 5.2,
B(0, r) € S(HX) and

(I — LHS™ = 1 + LAY € HP(LW)) YL € BO,r). (5.3)
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Seeking a contradiction, suppose that ||H§ lI#ge > 1/r.Then, there exists z € Co such

that ||Hé< (2)|l > 1/r. It is sufficient to show that there exist operators L, € L(Y, U)
such that 7 — Lan (z) is not invertible and || L, || — 1/||H§ (2)]| as n — o0. Indeed,
if this is the case, then, for all sufficiently large n, L,, € B(0, r), but (I — L,,Hf)_l ¢
HE (L(U)), contradicting (5.3). We proceed to construct a sequence (L) of operators
with the required properties. To this end, set M := HX (z) and choose v, € U such
that ||v,|| = 1 and || Mv, | — ||M]|| as n — oo. Setting

Mv, €Y

wy =

[ Mvnl
and defining L, : Y — U by

(y, wn)
Ly := v, YyeY,
! 1M,

we have ||L,|| = 1/||Mv,|| — 1/||M|| asn — oo and, furthermore, (I — L,M)v,, =
0, showing that / — L, M is not invertible and completing the proof. O

The next theorem shows that, if H has essential singularities in Cy, then there does
not exist a stabilizing compact feedback operator for H.

Theorem 5.7 LetH € H*(L(U, Y)) and assume that S(H) contains a compact oper-
ator. Then, there exists a meromorphic function He : Co — L(U, Y) suchthatH = H,
in HX (LU, Y)).

The following lemma is a key tool for the proof of Theorem 5.7.

Lemma 5.8 Let 2 C C be open and connected and let ¥ € H(§2, L(U)) be such that
F(s) is compact for every s € §2. Assume that there exists z € §2 such that I — F(z)
is invertible. Then, the set

A= {s € 2 : I —F(s) is not invertible}
does not have any accumulation points in §2 and, if A is non-empty, every s € Aisa
pole of (I —F)~'. In particular, (I — F)~" is meromorphic on £2.
A proof of the lemma is given in the Appendix.

Proof of Theorem 5.7 By hypothesis, there exists a compact operator K € S(H). It
follows from Proposition 5.2 that — K is an admissible feedback operator for HX and
hence I + KHX is invertible in H* (L(U)). In particular, there exists & > 0 such that
I + KHX (s) is invertible for all s € C,. Furthermore,

HY(7 + kKHS ' = HYY K =H in H (LU, Y)). (5.4)
An application of Lemma 5.8 with £2 = Cpand F = —KHf shows that (I~|—KH§)_1

is meromorphic on Cy. Consequently, Hf (I+K Hf )~ ! is meromorphic on Cy and
it now follows from (5.4) that the claim holds with He = Hg{ (I+K Hf )~ L. O
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The next example shows that the compactness assumption in Theorem 5.7 is essen-
tial: a function H € H(L(U)) is constructed such that H is holomorphic in Co\{1}
and has an essential singularity at s = 1 and S(H) is non-empty.

Example 5.9 Let N € L(U) be quasi-nilpotent, but not nilpotent, that is,

spectral radius of N = lim |NY||'/7 =0
q—>00

and N9 # 0 for every g € N (of course, the existence of such an operator N requires
U to be infinite dimensional). The function G : s + s/ — N is holomorphic on C
and G (s) is invertible for every nonzero s € C. Consequently, G~! is holomorphic on
C\{0} and 0 is an isolated singularity of G~!. The Laurent expansion of G~! about
s = 0 s given by

G '(s) =) sTINT' Vs eC\{0},
g=1

showing that 0 is an essential singularity of G~
Defining H by H(s) := G~ (s — 1), itis clear that H € H:E(L(U)) forevery o € R
and H has an essential singularity at s = 1. Setting K := —21 € L(U), it is obvious
that K is not compact and we have that
I—KH(s) =1+2((s—1DI—N)"'

= ((s+ DI =N)((s— DI -N)~"

Vs e Cy.
We conclude that K is an admissible feedback operator for H, and, furthermore,
—1 —1
(I —KH@) '=(s—DI=N)((s+ DI =N) VseC.
Thus,
H(I — KH() ' =(+DI=N)"'=(sI=(N-1D)"" VseC,.
The function s +— (sl — (N — I))_1 isin H°(L(U)) for every a > —1. Noting that

HE (s) = (s1 — (N — I))fl for all s € Co, it follows that K is a stabilizing feedback
for H. o

6 Positive-real functions and stabilization by feedback

In the present section, we analyse connections between positive realness and stabi-
lization by feedback by invoking material from Sects. 3, 4 and 5. We derive two
characterizations of positive realness, Theorems 6.3 and 6.4, in terms of dissipative
stabilizing feedback operators, from which we obtain a number of corollaries.
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First, we demonstrate that, under mild assumptions, positive realness is preserved
under dissipative feedback.

Proposition 6.1 LetH € 1} (L(U)), where o < 0, be positive real and let K € L(U)
be dissipative. Assume that

I — KH(s) is invertible for all s € Cy. 6.1)

Then, HK is positive real.

The trivial example wherein

01 0-1
H(s):(_lo) and K:<1 O)’
shows that positive realness and dissipativity of Hand K, respectively, do not guarantee
that (6.1) is satisfied.

Before we prove the above proposition, we state a lemma which shows that (6.1)
holds in a number of important situations.

Lemma 6.2 Let H € H}(L(U)), where a < 0, be positive real and let K € L(U).
The following statements hold.

(1) If K is strictly dissipative, then (6.1) holds.

(2) If K is dissipative and K = K* (meaning that K is negative semidefinite),
then (6.1) holds.

(3) If K is dissipative and an admissible feedback operator for H and dim U < oo,
then (6.1) holds.

The proof of the above lemma can be found in the Appendix.

Proof of Proposition 6.1 We start by noting that
((H(s) + H*(s))u, u) — (K + KHH(s)u, H(s)u) >0 Vs € Cy, YueUl.
Rearrangement of the left-hand side leads to
(I —H"()K*)H(s)u + H*(s)(I — KH(s))u,u) >0 Vs € Cy, Vuecl.
Thus, for arbitrary invertible 7 € L£L(U), we have that, for all s € Cp and all u € U,
(T —H"(s)K"H(s)T*u + TH*(s)(I — KH(s))T*u, u) > 0. (6.2)

By (6.1), (I —H*(s)K*)~! is well defined for every s € Cg and it follows from (6.2)
with 7 = (I — H*(s)K*)~! that

H(s)I — KHG) lu+ I —H K 'H* (s)u,u) >0 VseCy, VueUl,

showing that HX = H(I — KH)~! is positive real. O
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Theorem 6.3 Let H € H}(L(U)), where o < 0. Assume that, for almost every
w € R, H and H* have strong non-tangential limits at iw, denoted by H(iw) and
H*(iw), respectively. The following statements are equivalent.

(1) H is positive real.
(2) ReH(iw) > 0 for almost every w € R and — I € S(H).

Note thatif ¢ < 0, then H is holomorphic at every point in iR\ ¥y and the assumption
on the existence of strong non-tangential limits is trivially satisfied.

For scalar-valued rational functions, the above result can be found in [48,49]. In
some publications, the conditions in statement (2) are used as defining properties
for positive realness of scalar-valued rational functions, see [9,40]. For matrix-valued
rational functions, the implication (1) = (2) appears in [32, Theorem 5.10], albeit with
slightly different terminology.

Proof of Theorem 6.3 Assume that statement (1) holds, that is, H is positive real.
Invoking the assumption on the existence of strong non-tangential limits, we obtain that
ReH(iw) > O for almost every @ € R. Moreover, by statement (1) of Corollary 3.6,
(I —HW( +H)~ € HF(L(U)) and so,

JH(I +H) '=1—-( -HU+H)" e HELW)),
showing that — [ is a stabilizing feedback operator for H.

Conversely, assume that statement (2) holds. Then, H; I'e HF(L(U)), and, by
Proposition 5.4, I + H(s) is invertible for all s € Cp\ Xg. Furthermore,

[ —2H(s)=1—2H(s)(I + H(s))‘1 = (1 —H)(I + H(s))‘1 Vs e Co\ ZH.

Appealing to statement (1) of Corollary 2.3, it suffices to show that ||/ —2H/ e <
1, or, equivalently,

esssup {||/ — 2He_1(ia))|| w e R} <1. (6.3)

Invoking the hypothesis on the existence of strong non-tangential limits, it follows
from Proposition 5.4 that / + H(iw) is invertible for almost every @ € R and

(I —HGiw)(I + H(ia)))_l =1—-2H. (iw) forae wekR. (6.4)

By hypothesis, Re H(iw) > 0 for almost every w € R and so, another application of
statement (1) of Corollary 2.3 yields

(I —H(iw))(I +H(iw)) ! <1 forae. weR. (6.5)

The contraction condition (6.3) follows now from (6.4) and (6.5), completing the
proof. O
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Theorem 6.4 Let H € H}(L(U)), where o < 0. The following statements are equiv-
alent.

(1) H is positive real.

(2) Every strictly dissipative K € L(U) is a stabilizing feedback operator for H.

Proof Assume that statement (1) holds, that is, H is positive real. Then, I 4 2rH is
positive real for every r > 0, and hence, by statement (1) of Corollary 3.6,

IH(T + rH) ™ lpgee = (1/0)[|[1 — (I +2rH(s))]
[+ +20HE)] e < 1/r Vr >0,

Consequently, appealing to Proposition 5.6, every K € L(U) for which there exists
r > Osuchthat |K +rI| < ris a stabilizing feedback operator for H. It now follows
from Lemma 2.4 that every strictly dissipative K € L(U) is a stabilizing feedback
operator for H.

Conversely, assume that statement (2) holds. Letr > 0 be arbitrary. By Lemma 2.4,
every L € L(U) satisfying | L+r1|| < risstrictly dissipative and hence is a stabilizing
feedback operator for H, thatis, B(—r 1, r) C S(H). Setting K := —r1, it follows from
Proposition 5.6 that [|[HX e = 1/r. Invoking Proposition 5.4, we see that, for every
s € Co\ X, the operator I + rH(s) is invertible and Hé{ (s) = H(s)(I + rH(s))" L.
Thus,

IFH()( +rHs) ™ < 1 Vs € Co\Zn. (6.6)

Now
—rH@)( +rHs) ™ = [1 = +2rHE)]|[I + U + 2rH(s))]*1 Vs € Co\ ZH,

and so it follows from statement (2) of Corollary 3.6 and (6.6) that I 4+ 2rH is positive
real. Since r > 0 is arbitrary, we see that I + 2rH is positive real for every r > 0,
which implies the positive realness of H. O

We next present two corollaries of Theorem 6.4 which identify sets of stabilizing
feedback operators for functions H which have the property that there exists L € £L(U)
such that — L is dissipative and H + L is positive real.

Corollary 6.5 Let H € H5(L(U)), where o < 0, and let L € L(U) with — L

dissipative. The following statements are equivalent.

(1) H+ L is positive real.

(2) Every strictly dissipative K € L(U) is a stabilizing feedback operator for H+ L.

(3) For every strictly dissipative K € L(U), (I — KL) 'K isa stabilizing feedback
operator for H.

The proof of Corollary 6.5 uses the following simple lemma which relates stabiliz-
ing feedback operators of H to those of H + L.

Lemma 6.6 Let H € H)(L(U)), where o < 0 andlet K, L € L(U) with I — KL
invertible. The feedback operator K is stabilizing forH+L if, and only if, (I —K L)™' K
is a stabilizing feedback operator for H.
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Proof Setting M := (I — KL)~'K and noting that
I—-MH=(—-KL) '(I —-KMH+ L)), (6.7)

we see that K is admissible for H + L if, and only if, M is admissible for H.
Assume that M is a stabilizing feedback operator for H. In particular, M is admis-
sible for H, and so K is admissible for H 4+ L. Appealing to (6.7), we obtain that

H+L)(I-MH)'=MH+L(I-KH+L)'U-KL),

which shows that K is stabilizing for H + L.

The converse follows for symmetry reasons. Indeed, assume that K is a stabilizing
feedback operator for H 4+ L. Noting that I + ML = (I — KL)™', it follows that
(I + ML)Y"'M = K. Consequently, (I — M(—L))~'M is stabilizing for H + L,
and by what has already been proved, we conclude that M is a stabilizing feedback
operator for (H+ L) + (—L) = H. O

Proof of Corollary 6.5 The equivalence of statements (1) and (2) follows from Theo-
rem 6.4. Using that, by hypothesis, L is a (constant) positive-real function, Lemma 6.2
guarantees that / — K L is invertible for all strictly dissipative K € L(U). The equiv-
alence of (2) and (3) now follows from Lemma 6.6. O

In the special case wherein L = c1, for positive scalar ¢, we obtain another corollary,
which is an immediate consequence of Lemma 2.5 and Corollary 6.5.

Corollary 6.7 Let H € H}(L(U)), where a < 0, let ¢ > 0 and define r := 1/(2c¢).
The function H + cl is positive real if, and only if, B(—r1,r) € S(H).

The above corollary extends and generalizes [ 15, Proposition 2.1] where, in the context
of well-posed linear systems, it is shown that positive realness of H + ¢/ implies that,
for every k € (—2r, 0), the “scalar” feedback operator K = k1 is stabilizing for H.

Next, we will show that, given a transfer function H and feedback operators
K1, Ky € L(Y,U) with K| admissible for H, positive realness of (I — K,H)(I —
K{H)~! is necessary and sufficient for all linear feedback operators in the “sec-
tor” sec(K1, K») to be stabilizing, where sec(K, K») is the set of all operators
K € L(Y, U) satisfying the following “strict” sector condition

su]Ep Re((K — K1)y, (K — K»)y) <0, (6.8)
yeky

where we remind the reader that [Ey denotes the unit sphere in Y. Recall that an
operator S € L(Y, U) is said to be left invertible if there exists T € L(U, Y) such that
TS = I. It is well-known (and easy to show) that S € L(Y, U) is left invertible if,
and only if, S is bounded away from O, that is,

inf ||Sy]| > 0.
inf 1Syl
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Theorem 6.8 Let H € H}(L(U,Y)) fora < 0. Let Ky, K> € L(Y, U) and assume
that K is an admissible feedback operator for H. The following statements are equiv-
alent.

(1) (I — K2H)(I — K1H)~ ! is positive real and K\ — K> is left invertible.
(2) The set sec(K1, K»>) is non-empty and every K € sec(K1, K»>) is a stabilizing
feedback operator for H.

The implication (1) = (2) is a linear version of the circle criterion, a well-known
absolute stability result (see, for instance, [22,27,47]). Note in this context that, in the
literature on absolute stability, it is usually assumed that (I — KoH)(I — K H) s
strictly or strongly positive real and, instead of (6.8), the “weak” sector condition

Re((K — K1)y, (K —K)y) =0 VyeY
is imposed. We will analyse this scenario further below by using Theorem 6.8 (see

Theorem 6.11). Whilst the implication (1) = (2) continues to hold for real® Hilbert
spaces U and 7, this is not the case for the implication (2) = (1).

Proof of Theorem 6.8 Setting
1 1
N = E(Kl —Kp) and M = E(Kl + K»), (6.9)

itis clear that K} = M + N and K, = M — N and so, for K € L(Y, U),

Re((K — K1)y, (K — K2)y) = Re((K — M)y — Ny, (K — M)y + Ny)
= |Ky — My||> — INy|> VyeY. (6.10)

As a consequence, for every K € sec(K, K3), there exists § > 0 such that
— INyI? + Ky — Myl|> < =8 Vy e Ey. (6.11)
Assume that statement (2) holds. Let K € sec(Ky, K») (such an operator K exists,
since sec(K 1, K2) # @ by hypothesis). Therefore, (6.11) holds for some § > 0, which
implies that
(K1 — K2)y| = 2v5 Vy e Ey.
Consequently, K1 — K> is left invertible. Next, let X € L(U) be strictly dissipative

and define F := K| +(I —(1/2)X)"' X N. Then, with Z := (1/2)X, which is strictly
dissipative, there exists & > 0 such that

3 Note thatif U and Y are real, then, since s is a complex variable, the complexifications U and Y¢ of U and
Y will still need to be considered to formulate the positive real condition, in particular, H € H}; (L(Uc, Y¢)).
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Re((F — K1)y, (F — K2)y) =Re(Z(I — Z)" (K1 — K2)y, (I — Z)" (K| — K2)y)
< —¢||(I = 2)"' (K1 — K2)y|?
—4¢eé

<—"°_ VyeBy.
I —-z|?

Hence, F € sec(Ki, K»2), and thus, F is stabilizing for H. From statement (3) of
Proposition 5.2, it then follows that F — K1 = (I — (1/2)X)_1XN is stabilizing for
HX', and so with § := (I — (1/2)X)~' X, we have

HS (1 — sSNHEY T e HP (LU, Y)).

Since this implies that NHX1 (1 — SNHX1) ™! € H(L(U)), we see that S is stabi-
lizing for NHX'. From Corollary 6.5 with L = (1/2)I, we then obtain that

I +2NHX' = (1 - KLHY( — K H) L

is positive real.
Conversely, assume that statement (1) holds. Since K; — K> is left invertible,

inf |[(K1 — K2)y| >0,
yveEy

and it follows that M € sec(K|, K»), showing that sec(K, K») # #. A further
consequence of the left invertibility of K; — K> is that N*N is invertible; indeed,

IN*Nyll = [(N*Ny, )| = INy*, Vy €Ey,
showing that N*N is bounded away from O (because N is bounded away from 0)
and thus, since N*N is also self-adjoint, invertibility of N*N follows. Consequently,
NT := (N*N)~!N* is well defined and a left inverse of N. Obviously, boundedness

of N implies that N T is bounded away from 0 on im N, that is, there exists v > 0 such
that

INTw|| > v|w| Yw €imN.
We note that the operator P := NN' € L(U) is the orthogonal projection onto
im N = (ker N*)* = (ker NT)L.
Let K be an arbitrary element in sec(K{, K7). Then, K satisfies (6.11) for some
8 > 0. Setting ¢ := §/(2||N]|), a routine calculation gives
Ky — Myl <INyl —ellyll VyeY.

Hence

IKNTy — MNTy| < [Pyl —eINTyll < llyll =Nyl VyeyY,
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and thus,

IKNTy — MNTy| = |[KNTPy — MNTPy| < | Py]
—ev||Py|| < (1 —ev)|lyll Yy€eY,

which in turn implies that
sec(K1, K2)NT := {KNT: K €sec(Ki, K2)} C BIMNT, 1). (6.12)

Furthermore, invoking Corollary 3.6, a straightforward calculation shows that the
positive realness of (I — KoH)(I — K (H) s equivalent to the following contraction

property
INH(I — MH) |y < 1. (6.13)

Now
NH(I — MH)~! = NH(I — MN'NH)~! = (NH)MN',
and thus, appealing to Proposition 5.6 and (6.13), we obtain
B(MNT, 1) c S(NH). (6.14)
Together with (6.12), this shows that
sec(K1, K2)N' C S(NH),
and therefore,
H(/ — KH)™' = NTNH( — KNTNH) ™! €e HP(L(U, Y)) VK € sec(K1, K2),

showing that every K € sec(K, K») is a stabilizing feedback for H. O

In the following two corollaries of Theorem 6.8, the sector condition (6.8) is
replaced by certain norm conditions.

Corollary 6.9 LetH € H}(L(U,Y)) fora < 0and let K|, K» € L(Y,U). Assume
that Ky is an admissible feedback operator for H and that K1 — K> is left invertible.
Let N,M € L(Y,U) be given by (6.9) and set N' := (N*N)~'N. Under these
conditions, the function (I — K-H)(I — K{H) ™! is positive real if, and only if, every
K € L(Y,U) such that KNT € B(MNT, 1) is a stabilizing feedback operator for H.

As an immediate consequence of Corollary 6.9 we have that if (1 — Ko H)(/ — K{H) ™!
is positive real, then every K € B(M, 1/||N ) is stabilizing.

Proof of Corollary 6.9 By Theorem 6.8, the claim is equivalent to

K esec(K|,Ky) < KN eBWMNT, 1). (6.15)
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It is therefore sufficient to establish (6.15). To this end, recall that it has been shown
in the proof of Theorem 6.8 that if K € sec (K1, K»), then KNt € IB(MNT, 1),
see (6.12). Conversely, let K € £(Y, U) be suchthat KNT € B(MNT, 1). Then, there
exists p € (0, 1) such that

IKy — My|> = |[KN'Ny — MNTNy|* < plINy|> VyeY.
Consequently,
—INYI? + Ky — My|? < —(1 — p)Allyl* ¥y eV, (6.16)

where the constant > 0 is such that || Ny||> > A||y||> forall y € ¥ (such a constant
exists by the left invertibility of N). It now follows from (6.10) and (6.16) that K €
sec (K1, K»7). |

Corollary 6.10 Let H € H}(L(U,Y)) fora < 0, let K|, Ky € L(Y,U) and let
M be as in (6.9). Assume that K is an admissible feedback operator for H and
K| — Ky = cJ for some isometry J € L(Y, U) and some nonzero ¢ € C. The function
(I — K;H)Y(I — K H) ™! is positive real if, and only if. every K € B(M, |c|/2) is a
stabilizing feedback operator for H.

In the single-input single-output case (thatis, U = Y = C), the assumptionon K| — K>
is trivially satisfied and, furthermore, the condition that every K € B(M, |c|/2) is a
stabilizing feedback for H can be checked by using the Nyquist criterion (which applies
provided that H satisfies suitable assumptions, see [9, Theorem 2 in Sect. 34] for the
finite-dimensional and [39] for the infinite-dimensional case).

An application of Corollary 6.10 with K1 = 0 and K» = —2rI, where r > 0,
yields that / + 2rH is positive real if, and only if, B(—r/,r) C S(H). Obviously,
H is positive real if, and only if, / 4+ 2rH is positive real for every r > 0, and thus,
invoking Lemma 2.4, we recover Theorem 6.4, showing that Corollary 6.10 (and
hence, Theorem 6.8) can be considered as generalizations of Theorem 6.4.

Proof of Corollary 6.10 Let N be as in (6.9), that is, N = (¢/2)J. Since J is an
isometry, we have that J*J = I and so NT := (N*N)~!N* = (2/c)J*. Invoking
Corollary 6.9, it is sufficient to show that

K e B(M,|c|/2) < KN eBWMNT, 1.

Let K € £L(Y, U) and assume that KN* € B(MNT, 1). Then |K J* — MJ*| < |c|/2
and so

IKy — Myl < [KJ* = MJ*|[|Jyl = IKJ* = MJ*|llyl VyeY,
showing that |[K — M| < |[KJ* — MJ*| < |c|/2.

Conversely, assume that K € B(M, |c|/2). Then, there exists ¢ € (0, |c|/2) such
that

Ky =Myl < (lcl/2 = &)yl = (cl/DINIyll — ellyll = Nyl —ellyll YyelY.
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Setting P := NN' = JJ*, the orthogonal projection onto im J = (ker J*)*, it
follows that

IKN'y = MN'yl = |[KN"Py = MN'Py| < INN"Pyl| - ¢IN"Py| Vye?,
and therefore,

IKNTy—MNTy|| <[Pyl —eINTPyl < (1 —ew)| Pyl < (1 —ew)lyll Yy e,
where the constant > 0 is such that | NTw|| > u|lw| forallw € im N = im J. We

conclude that KNt € B(MNT, 1). O

Next, we modify the scenario considered in Theorem 6.8 by replacing positive
realness with strong positive realness and the strict sector condition (6.8) with the
“weak” sector property

Re((K — K1)y, (K — K2)y) <0 VyeV. (6.17)

Theorem 6.11 Let H € 1} (L(U,Y)) for o < 0andlet Ky, Ko € L(Y, U). Assume
that K1 is an admissible feedback operator for H and that K1 — K> is left invertible.
The following statements hold.

(1) If the function (I — K;H)(I — K1H) ™ is in H(L(U)) and is strongly positive
real, then every K € L(Y, U) satisfying (6.17) is a stabilizing feedback operator
for H.

(2) Ifdim U < oo and every K € L(Y, U) satisfying (6.17) is a stabilizing feedback
operator for H, then (I — KxH)(I — K\H) ™! is in He(L(U)) and is strongly
positive real.

Proof To prove statement (1), we define N by (6.9) and observe that
(I — KHY(I — KH) ™ = T4 2NH(I — K H) ™' € HE(LU)).
Since N is left invertible, we conclude that K; € S(H). Together with the openness
of S(H), this yields the existence of a number v* > 0 such that K; + vN € S(H) for
all v € [0, v*]. Defining
G, = (I —(Kp — vN)H)(I — (K1 + vN)H)fl, (6.18)
it is clear that the map

[0, v*] = HZ(LWU)), vi> Gy

is continuous. Combined with the strong positive realness of Gy, this shows that there
exists v** € (0, v*] such that

ReG,(s) =0 Vs e Cy, Vvel0,v]. (6.19)
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Let K € L(Y, U) be such that (6.17) holds. A straightforward calculation then shows
that

Re (Ky — (K| +VvN)y, Ky — (K» — vN)y) < —v(v +2)[Ny|> VyeY.

Since N is left invertible, there exists ;> 0 such that [|[Ny||?> > w||y||> forall y € Y,
and thus

Re (Ky — (K1 +vN)y, Ky — (K = vN)y) < —uv(v + 2)[ly|> VyeY.

Hence, for every v € (0, v**], the operator K isin sec (K| +vN, K —vN). Trivially,
(K1 +VvN)— (K2 —vN) =2(1+v)N is left invertible, and, by (6.19), G,, is positive
real for every v € (0, v™*]. An application of Theorem 6.8 now shows that K is a
stabilizing feedback operator for H.

To prove statement (2), note that, since K satisfies (6.17), K1 is a stabilizing
feedback operator for H, and thus, (I — K;H)(I — K{H)™! is in HP(LWU)). We
proceed to establish strong positive realness of (I — KoH)(I — K1H)~!. By the left
invertibility of K1 — K5, we have that dim Y < dim U < oo. Defining N and M by
(6.9), N is left invertible and the function y + || Ny|| defines a norm on Y. We denote
the corresponding norm on L(Y, U) by || - ||y, thatis, for T € L(Y, U),

T
Ty = sup 12

20 Nyl

Let S denote the set of all K € L(Y, U) satisfying (6.17). It follows from (6.10) that
K € S if, and only if],

Ky =Myl < |[Ny| VyeY.

Consequently,
S={KeLl,U):|K—-M|y <1} (6.20)

By hypothesis, S € S(H), and so, invoking the openness of S(H), it follows from
(6.20) and a routine compactness argument that there exists v > 0 such that

B,:={Ke LY, U):|K—-—M|y=<1+4+v}CSH). (6.21)
Furthermore,

Re(Ky — (K1 +VvN)y, Ky — (K2 — vN)y)
=Re((K — M)y —(14+v)Ny, (K —M)y+ (1+v)Ny)
= |Ky — My|> — (1 +v)?|Ny|* Vye?Y,

and therefore,

sec(K; +vN, K>, —vN) C B,.
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It now follows from (6.21) that every operator in sec (K1 +vN, K> —vN) is stabilizing
for H and an application of Theorem 6.8 yields that the function G, defined by (6.18)
is positive real. A routine calculation shows that

(I -GYU+G,) ' =0 +v)NHU — MH)™' = (1 +v)I — Go)(I + Gp) ™',

and consequently, by Corollary 3.6,

1
I —Go)I +Gp) Mpye < —— < 1
II( 0)(I + Go) ||7-t0§1+v<

Appealing to Corollary 4.3, it follows that (I — K,H)(I — K{H)™! = Gy is strongly
positive real, completing the proof. O

The following result is, in a sense, a special case of statement (1) of Theorem 6.11.

Corollary 6.12 If H € HF(L(U)) is strongly positive real, then every dissipative
K € L(U) is in S(H).

Note that in the above corollary, it is assumed that H € H8° (L(U)), that is, H is
stable. Therefore, Corollary 6.12 should not be viewed as a stabilization result, but as
a necessary condition for a function in Hg" (L(U)) to be strongly positive real or as a
robustness result in the sense that stability is retained under perturbations induced by
dissipative static feedback. A similar comment applies to Proposition 6.13.

Unlike Theorem 6.4, the converse of the conclusion of Corollary 6.12 is false, which
is easily seen by considering the scalar positive-real function H(s) = 1/(s 4+ 1). Every
K = k € C with Rek < 0 (precisely the set of dissipative operators C — C) is
stabilizing for H, but H is not strongly positive real.

Proof of Corollary 6.12 Let K € L(U) be dissipative and r > 0. Since H is strongly
positive real and in Hg°(L(U)), itis clear that I — 2K —rHH = (I — 2KH) +rH
is in Hg°(L(U)) for every r > 0 and strongly positive real for all sufficiently large
r > (. Noting that

Re (Ku, Ku — 2K — rDu) = —||Ku|> + rRe (Ku,u) <0 Vu e U,

as K is dissipative, an application of statement (1) of Theorem 6.11 with K| := 0 and
K> :=2K — rI shows that K € S(H). O

The next result identifies sets of stabilizing feedback operators for H under the
assumption that H + L is strongly positive real, where the operator — L is strictly
dissipative.

Proposition 6.13 Let H € H°(L(U)) and let L € L(U) be such that — L is strictly
dissipative and H + L is strongly positive real. The following statements hold.

(1) Foreverydissipative K € L(U), (I — KL)"'Kisa stabilizing feedback operator
for H.
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(2) 1If, additionally, the operator L is self-adjoint, then every K € L(U) such that
K = K*and 0 > K > —L™" is a stabilizing feedback operator for H.

Note that in statement (2) of Proposition 6.13, the existence of the inverse of L is
guaranteed, since, by self-adjointness of L and strict dissipativity of — L, both L and
L* are bounded away from 0. For matrix-valued rational functions, statement (2) can
be found in [8, Corollary 2.1] (the proof in [8] relies on finite-dimensional state-space
realizations).

Proof of Proposition 6.13 Statement (1) can be proved by arguments similar to those
used in the proof of Corollary 6.5, where references to Theorem 6.4 should be replaced
by references to Corollary 6.12.

To prove statement (2), we assume that L = L*. As H+ L is strongly positive real,
there exists ¢ € (0, 1) such that H+¢L = H+ M is also strongly positive real, where
M :=¢L.Let K € L(U) be suchthat K = K*and 0 > K > —L~!. The aim is to
prove that K is stabilizing for H. By statement (2), it is sufficient to show that there
exists a dissipative operator F € L£(U) such that K = (I — FM)~'F. Solving this
equation for F gives

F=KU+MK)".

We now have to show that: (i) I + MK is invertible (to make sure that F is well
defined), and; (ii) F is dissipative. To establish the invertibility of I + M K, note that

I+MK=1+MEK+L ") —el=1-8)[(—-(-D'"MEK+LH].

Thus, the invertibility of I +M K is equivalent to that of 7 — (e — 1)_1 M(K+L~ l). The
invertibility of the latter follows from Lemma 6.2 since (& — DM =—e(1—¢)"'L
is strictly dissipative and Re (K + L~!) > 0.

It remains to show that F' is dissipative. To this end, let P and Q denote the square
roots of — K and L~!, respectively. Then, P = P*, Q = Q*, K = —P%, L~ ! = Q?
and Q is invertible. Since 0 > K > —L~ !, we have that

(=L 'v,v) < (Kv,v) <0 VveU,
and so, taking v = Q™ lu yields that
—llul* < (KQ7'u, 07wy = —(P*PO'u, 0wy = —IPQ'u|* YueU.

We conclude that |[PQ~!| < I, and thus, |Q~'P|| = (PO~ )| = ||PO~!| < L.
Therefore, foru € U and v = Q_lu,
(KLKu,u) = (KLK Quv, Qv) = (0" 'K Qu, 0"'K Qv)
=07 'K QulI* = Q7 'PPQUI* < |07 PI*|PQvI?
< [IPQu|* = (PQu, PQu) = (Pu, Pu)

— —(Ku,u). (6.22)
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Furthermore, we note that, foru € U andv = (I + MK )_lu,

(Fu,u) = (K(I + MK) 'u,u) = (Kv, (I + MK)v)
= (Kv,v) + (v, KMKv).

Invoking (6.22), it follows that
(v, KMKv) =¢ (v, KLKv) < —¢& (v, Kv),
whence
(Fu,u) = (I —¢&)(Kv,v) <0,

showing that F is dissipative and completing the proof. O

Corollary 6.14 LetH € H}(L(U)) fora < 0andlet K1, Ko € L(U) be self-adjoint
and such that Ko — K is strictly dissipative. If K1 is a stabilizing feedback operator for
H, and HX' + (K| — K,) ! is strongly positive real, then every self-adjoint K € L(U)
such that K1 > K > K3 is a stabilizing feedback operator for H.

Note that the existence of the inverse of K; — Kj is guaranteed, since, by self-
adjointness and strict dissipativity of K» — K, both K, — K and (K, — K1)* are
bounded away from 0. The above corollary is a generalization of statement (2) of
Proposition 6.13: indeed, if the assumptions of Corollary 6.14 hold with K; = 0, then
we recover statement (2) of Proposition 6.13 with L = — K, I

Proof of Corollary 6.14 Let K € L(U) be self-adjoint and such that K| > K > K>.
Then, obviously, the operator K — K is self-adjointand 0 > K — K1 > Ky — K.
The hypotheses of statement (2) of Proposition 6.13 hold with L = (K| — K »)~!and
H replaced by HX1. Hence,

{F € L(U) : Fisself-adjointand 0 > F > K» — K1} € SH1).

Consequently, K — K is a stabilizing feedback operator for HX!, and it follows
from statement (2) of Proposition 5.2 that K is a stabilizing feedback operator for H,
completing the proof. O

We conclude this section, by turning our attention briefly to feedback with dynamic
compensators by defining the notion of a (stabilizing) feedback interconnection of two
transfer functions. The following definition generalizes Definitions 5.1 and 5.3 to the
dynamic feedback case. Theorem 6.16 then considers the feedback interconnection of
two transfer functions H and K with H positive real and — K strongly positive real.

Definition 6.15 Let H € H*(L(U, Y)) and K € H*(L(Y, U)). Then, K is called an
admissible feedback for H if
I —-K
()
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is invertible in H* (L(U x Y)). An admissible feedback is called stabilizing if [F~11n
HGP(LWU x X)) #0.

Note that K is an admissible feedback for H if, and only if, / — KH is invertible in
H* (L(U)), or, equivalently, if I —HK is invertible in H* (L(Y)) (cf. Proposition 5.2).
Moreover, if K is an admissible feedback for H, then

I —K\~' (I -KH)~! K(J-HK)"'
-H I “\HU/-KH)! ¢-HK)! )"
Since, for admissible K,

(I-KH) '=7+KH(J —KH)"! and (/ —HK)™' =7+ H({ — KH)"'K,

we see that, if K € HSQ(E(Y, U)), then K is a stabilizing feedback if, and only if,
H(I-KH) !¢ HGP (LU, Y)). In particular, K € L(Y, U) is a stabilizing feedback
operator according to Definition 5.3 if, and only if, K(s) = K is a stabilizing feedback
in the sense of Definition 6.15.

Theorem 6.16 Let H € M} (L(U)), where « < 0. The following statements are
equivalent.

(1) H is positive real.
(2) Every K € H3°(L(U)) such that — K is strongly positive real is a stabilizing
feedback for H.

Other sufficient conditions for the stability of the feedback interconnection of H and
K in terms of positive-real properties of H and — K have appeared in the literature,
and we only refer here to the recent result [56, Theorem 4.2].

The proof of Theorem 6.16 is facilitated by two technical results which will be
presented next. The proof of the following corollary is similar to that of Lemma 2.4
and is therefore omitted.

Corollary 6.17 A function H € H{°(L(U)) is strongly positive real if, and only if,
there exists an r > 0 such that |H — r1 g <.

The lemma below is a simple small-gain result and is a straightforward generalization
of one direction of Proposition 5.6. The proof is left to the interested reader.

Lemma 6.18 Let H € HX(L(U)), r > 0 and let K € H5°(L(Y, U)) be a stabilizing
feedback for H. If |H(I — KH)™! IHge < 1/, then any C € Hg°(L(U)) with ||C —
K||H8c < r is stabilizing for H.

Proof of Theorem 6.16 The claim that statement (2) implies statement (1) follows
from Theorem 6.4 since any strictly dissipative operator K € L£(U) has the property
that — K is a (constant) strongly positive-real function.

The converse direction is proven along the lines of the corresponding part of The-
orem 6.4. The references to Lemma 2.4 and Proposition 5.6 should be replaced by
references to Corollary 6.17 and Lemma 6.18, respectively. O
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Example 6.19 We note that in Theorem 6.16, it is crucial that — K is strongly positive
real; it is generally not sufficient to only have — Re K(s) > 0 for all s with Re s > 0.
As an example, consider the positive-real function H(s) = tanh(s) and the function
K(s) = —1/(s + 1). Note that — Re K(s) > 0 for all s with Re s > 0, but — K is not
strongly positive real. Moreover, we have

H(s) _ (s + 1) tanh(s)

HX(5) = - = )
—H(s)K(s) s+ 1+ tanh(s)

Setting s, := (n + 1/2)mi for n € Z (the poles of H), we have H(If(s,,) = s, + 1.
In particular, |H§(sn)| — oo as n — oo. It follows that H? ¢ Hg° and so K is not
stabilizing for H. O

7 Connections with operator theory and partial differential equations

In this section, we establish some links between the material in Sects. 5—6 on the one
hand and operator theory and PDEs on the other. In particular, we will provide several
examples of positive-real transfer functions arising in PDEs.

For a closed linear operator A : D(A) C U — U, welet p(A) denote the resolvent
set of A. The map p(A) — L(U), s — (sI — A)~ ! is called the resolvent of A.

Proposition 7.1 Let A : D(A) C U — U be densely defined and closed, and let H
be the resolvent of A. The following statements are equivalent.

(1) A is dissipative and p(A) N Cy is non-empty.
(2) H belongs to Hi(L(U)) and is positive real.
(3) A is the generator of a strongly continuous contraction semigroup.

Proof The equivalence of statements (1) and (3) is the Lumer—Phillips Theorem (see,
for example, [43, Theorem 3.4.8]).

(1) = (2): The implication (1) = (3) guarantees that A is the generator of a strongly
continuous contraction semigroup and so Co C p(A). Consequently, H € Ho(L(U))
since the resolvent is holomorphic on p(A).Lets € Cpandu € U and setv := H(s)u.
Then, v = (s/ — A)"'u € D(A) and

Re(H(s)u, u) = Re(v, (sI — A)v) = (Res)||v||2 — Re(v, Av) >0,
which shows that H is positive real.
(2) = (1): Since H belongs to Hj(L(U)), the resolvent set includes Co\ Xg. Let
s € Co\Xg = p(A) N Cp, letu € D(A) and set v := (sI — A)u. Then, u = H(s)v
and
(Res)||u||2 — Re(Au, u) = Re((sI — A)u, u) = Re(v, H(s)v) >0 Vs € Co\Zy.
Since X'y has no accumulation points in Cy, there exists a sequence s, € Cp\ X'g with

Res, — 0and (Res,)|lul> — Re(Au, u) > 0 for every n € N. Letting n — oo, this
gives — Re(Au, u) > 0, which shows that A is dissipative. O
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We remark that the equivalence of statements (1) and (2) in Proposition 7.1 is
known, see [7, Theorem 4.2]. The above proof simplifies that given in [7] which rests
on a result on distributional boundary values of positive-real functions.

Corollary 7.2 Let A : D(A) C U — U be densely defined and closed, let H be the
resolvent of A and let w > 0. The following statements are equivalent.

(1) Re (Au, u) < —wl|lu||®> forallu € D(A) and p(A) N C_,, # 0.
(2) H belongs to H* ,(L(U)) and the function s — H(s — w) is positive real.
(3) A generates a strongly continuous semigroup T which satisfies ||T (t)]| < e~

forallt > 0.

wt

Proof Obviously, p(wl + A) = p(A) +  and the resolvent of w/ + A is the function
s — H(s —w). Furthermore, if o/ 4 A generates a semigroup 7, then A generates the
semigroup T given by T'(t) = T, (t)e~®!. The result now follows from an application
of Proposition 7.1 to ol + A. O

The next corollary is an immediate consequence of Corollary 7.2.

Corollary 7.3 Let A : D(A) C U — U be densely defined and closed, and let H be

the resolvent of A. The following statements are equivalent.

(1) A is strictly dissipative and p(A) N Cy is non-empty.

(2) H is strictly positive real.

(3) A is the generator of an exponentially stable strongly continuous semigroup
which, for some @ > 0, satisfies | T (t)|| < e~ forallt > 0.

From Proposition 7.1 and Corollary 7.3, we obtain the following result.

Corollary 7.4 Let A : D(A) C X — X be densely defined and closed, and let
B € L(U, X), where X is a complex Hilbert space. Define H : p(A) — L(U) by
H(s) := B*(sI — A)’1 B. The following statements hold.

(1) If A is dissipative and p(A) N Cy is non-empty, then H belongs to Ho(L(U)) and
is positive real.

(2) If A is strictly dissipative and p (A) N Cy is non-empty, then there exists an o < 0
such that H belongs to Hy (L(U)) and is strictly positive real.

In the following, we will derive a suitable generalization of Corollary 7.4 which allows
for unbounded control operators B. To this end, we need the concept of a system node.
We note that by [43, Lemma 4.7.7], the definition below is equivalent to that given
in [43].

Definition 7.5 Let U, X and Y be complex Hilbert spaces andlet S : D(S) C (&) —
(’}5 ) be a linear operator. We write S in the form

A&B
S = (C&D) , where A&B : D(S) > Xand C&D : D(S) —> Y

and define an operator A by

A:DAYCX > X, x+— A&B(ﬁ), where D(A) :={x € X : (6) € D(S)}.
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We say that S is system node on the triple of Hilbert spaces (U, X, Y) if the following
conditions hold:

(a) §is closed;

(b) A&B is closed;

(c) A generates a strongly continuous semigroup;

(d) forevery u € U, there exists x € X such that (ﬁ) e D(S).

Given a system node S on (U, X, Y) and using the notation of Definition 7.5, we
denote the usual interpolation and extrapolation spaces associated with A and X by X
and X_1, respectively (see, for example, [43, Sect. 3.6]): letting 8 € p(A), the space
X11is D(A) endowed with thenorm ||x||; := [|[(B] —A)x| x and X _ is the completion
of X with respect to the norm ||x||_; := [|(8I — A)~'x| x. The operator A extends to
an operator A|x € L£(X, X_1) (which generates a strongly continuous semigroup on
X _ | with the same growth bound as the strongly continuous semigroup generated by
A) and A&B has an extension to an operator A&B|x € L(({), X_1). The control
operator B € L(U, X_1) isdefinedby Bu := A&B|x (8) The observation operator
C € L(X1,Y) is defined by Cx = C&D ({). For every s € p(A), the operator

((” _A}X)_IB ) maps U into D(S). Let @ be the growth bound of the semigroup

generated by A. Then, the transfer function H : C,, — L(U, Y) of the system node S
is defined by
. —1
H(s) := C&D (‘” Alx) B) .

7 (7.1)

The system node S is called compatible if there exists a Hilbert space W with X; C
W C X (with continuous embeddings) and an operator C|y € L(W, Y) such that

(1) Clwz = Czforall z € X1, and
(2) there exists s € p(A) such that (sI — A|x)~' B maps U into W.

It can be shown [43, Lemma 5.1.4] that for a compatible system node the operator
(sI — Alx)"'B maps U into W for all s € p(A). Moreover, the operator D :=
H(s) - Clw(sI — Alx)_lB is independent of s € p(A). This operator D is called the
feedthrough operator induced by S and C|w and, from [43, Lemma 5.1.4], we have
that

C&D (f}) =Clwz+ Dv forall (i) e D(S).

We note that, in general, W is not unique and moreover that the operator C|w is
generally not uniquely determined by S and W. However, for any compatible system
node there is a canonical minimal space Wy, (minimal in the sense that Wiy, C W
for any compatibility space W), namely (see [43, Theorem 5.1.8 and Lemma 4.3.12])

Whin :={w € X : 3v € U such that A|xw + Bv € X},

(with an inner product as given in [43, Lemma 4.3.12]). Not every system node is
compatible, but those that arise in applications typically are (as they are mixed bound-
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ary/distributed control nodes as defined in [43, Definition 5.2.14], which by [43,
Theorem 5.2.15] are compatible).

A function H, which belongs to Hy(L(U, Y)) for some @ € R, is said to have
feedthrough Dy : U — Y if, for every u € U, H(s)u converges weakly to Dyu as
s — oo on the real axis, that is

lim (H(s)u,y) = (Dgu,y) YueU, YyeY. (7.2)

s—00, sER

It is clear that Dy is linear and, by the uniform boundedness principle, the oper-
ator Dy is bounded (note that we assume only H € Hy(L(U,Y)) rather than
H € HP(L(U,Y)) for some o € R, which is usually done in the literature, for
instance, in the context of regular transfer functions, see [50]).

If a system node is compatible and has a transfer function which has feedthrough
Dy [defined by (7.2)], then it is natural to demand that Dy is the feedthrough operator
of the system node. By [43, Lemma 5.1.10], this choice is always possible and more-
over, by fixing the feedthrough operator, we also fix C|w,,,. Hence, for a compatible
system node which has transfer function H with feedthrough Dy, we have a canonical
extension of the operator C& D to Wiy x U and with this extension we have

H(s) = Dg + Clw,, (sI — Alx)"'B.

Remark 7.6 'We comment that there are alternative, but equivalent, methods of defining
transfer functions: transfer functions can be defined via Laplace transforms [14,16]
or they can be defined via exponential trajectories (see [24, Chapter 12] and [57]).
The equivalence of these definitions is shown in [57] (in a setting less general than
that provided by the system node concept). As will be illustrated by several examples
later in this section, many physically meaningful control systems may be realized as
system nodes, with corresponding transfer functions given by (7.1). A simple example
which cannot be represented as a system node is the differentiator y = i, and thus,
the transfer function H(s) = s cannot be written in the form (7.1) (see [42, Theorem
7.4]). O

The following example (adapted from [15, Example 5.6]) shows that Corollary 7.4 is
in general not valid for unbounded B, that is, in the system node context, dissipativity
of A together with the conditions C = B* and Dy = 0 is not sufficient for the positive
realness of H.

Example 7.7 Consider the first order hyperbolic PDE:

ow ow
W(x,t) = E(x,t), w(l, 1) —w(,1) = u(t),
y(@) =w(,1), t>0, xe€(@,1).

The operator S given by

1 /
D(S) = {(f}) e (H fg’ 1)) :z(1) — z(0) = v}, S (i) — (sz))'
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corresponds to the above PDE in a natural way. Using standard PDE techniques, it can
be shown that S is a system node on (U, X, Y), where X = LZ(O, DandU =Y =C.
We can calculate z := (sI — A|x)~!Bv from

sz(x) =Z'(x), z(1) —z(0) = v,

which gives z(x) = e**v/(e’ — 1). Since C&D (%) = z(0), we obtain H(s) =
1/(¢! — 1). Obviously, Dg = lims_,~, ser H(s) = 0, showing that H has zero
feedthrough. Furthermore, H(1 4+ in) = —1/(e + 1) < 0, and thus, H is not positive
real. We show that, however, A is dissipative and C = B*. We have

D(A) ={ze€ H'(0,1): z2(0) = z(1)}, Az =7,

and so,
/ 1 2 1 2
Re(Az,z) =Re(z', z) = Elz(l)l - §|1(0)| =0 Vze D(A),

showing that A is dissipative. The observation operator is given by Cz = z(0). By [43,
Lemma 6.2.14], the adjoint of the control operator can be calculated as the observation
operator of S*. A routine calculation shows that

1 -
D(S¥) = {(f}) c (H Eg’ 1)) 2 2(0) — z(1) = v}, s* <f}> = (Z(f))

The observation operator of $* equals B*z = z(1). We also see that D(A) = D(A¥)
and that A* = —A. For z € D(A), we have z(0) = z(1) and therefore B* = C as
operators on D(A) = D(A™).

For the minimal compatibility space, we have (see [43, Sect. 5.2]) Winin = H 1 0, 1).
We can choose Clw as C|lwz = z(0). As calculated above, we have that (sI —
Alx) 'Bv equals x — e**v/(e® — 1), so that (s/ — Alx)"'B maps U into Wiip,
showing that the system node is indeed compatible. The corresponding feedthrough
operator D satisfies D = 0 = Dy, as desired. O

Notwithstanding the above example, the next result shows that Corollary 7.4 may be
generalized to system nodes. Note that Corollary 7.4 can be obtained as a special case
of statements (1) and (2) of the theorem below. It is convenient to define

= (38)<el(2)

a self-adjoint operator (sometimes referred to as signature operator).

Theorem 7.8 Let S be a system node on (U, X, U) with transfer function H. The
following statements hold.

(1) IfRe (J (3),S(3)) <O0forall (3) € D(S), then H is positive real.
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(2) If there exists ¢ > 0 such that Re (J (3), S (%)) < —el|z||? for all (3) € D(S),
then H is strictly positive real.

(3) If there exists ¢ > 0 such that Re (J (), S (%)) < —el|[v||? for all (%) € D(S),
then H is strongly positive real.

(4) If there exists ¢ > 0 such that Re (J (3),S(2)) < —e(|zl|> + |[v||?) for all
(%) € D(S), then H is strictly and strongly positive real.

Proof Let y, 6 > 0 and assume that

Re<J (f)) .S (f))> < —y|lzll> = 8|v|?> forall <i> e D). (13)

Note that the assumptions imposed in statements (1)—(4) are all special cases of (7.3):
for example, the assumptions imposed in statements (2) and (3) correspond to the
cases wherein (y, §) = (¢, 0) and (y, §) = (0, ), respectively.

Let z € D(A). Evaluating (7.3) with v = 0 shows that Re(Az, z) < —y||z||>. From
this, we obtain that y/ + A is dissipative which implies that C_, C p(A) and that
HeH_,(LWU)).

Letve Uands € C_,. Define z := (s] — A)~!Bv. Then, (%) € D(S) and

Re<J (f}) .S (f})> — Re(s) |[(s] — A)~'Bu|® — Re(H(s)v, v).
From (7.3) we then obtain, forallv € U ands € C_,,
(Res) [(s] — A)'Bv||* — Re(H(s)v, v) < —y|z]|* = 80|,
which can be re-arranged to arrive at
Re(H(s)v, v) > (Re(s) + ) I(s] — A" Bv|)? +8|lv]|> YveU,VseC_,.

Statements (1)—(4) now follow by choosing, respectively, y =6 =0, (y, §) = (¢, 0),
(y,8)=(0,e)andy =8 =¢. O

We provide some commentary on the above theorem.

Remark 7.9 (a) Theorem 7.8 shows that certain dissipativity properties of J S guar-
antee positive realness properties of the transfer function H of the system node
S. Statement (1) of Theorem 7.8, which also appears in [41, Theorem 4.2],
is reminiscent of one direction of what is known in the finite-dimensional
setting as the Kalman—Yakubovich—Popov (or positive real) lemma, see, for
instance, [1,10,13,21,22]. Whilst Theorem 7.8 is not deep, it is nevertheless use-
ful because it provides a sufficient condition for (strict, strong) positive realness
which may be checked in the context of physically motivated PDE examples.
Indeed, the analysis of such systems often benefits from dissipativity properties
with respect to “energy” norms and, in this context, (7.3) should be interpreted
accordingly.
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By way of comparison, if a finite-dimensional, continuous-time, linear control
system is specified by the operators (A, B, C, D) with A dissipative, B = C* and
— D dissipative, then the dissipativity assumption in statement (1) holds, as

10 A B A+ A* B-C*
OiRe(o —1) (c D) - (B*—C —(D+D*)>'

(b) Partial converses of statement (1) of Theorem 7.8 have appeared in [41, Theo-
rem 4.2] and [42, Theorem 4.1]. These references address the problem from a
time-domain perspective, and [5, Theorem 5.4] focuses on contractive transfer
functions. We emphasize that the dissipativity of JS guaranteed by these results

is with respect to an inner product which is not necessarily equivalent to the
“natural” inner product on X x U. O

We illustrate Theorem 7.8 by a modified version of Example 7.7.
Example 7.10 Consider the first order hyperbolic PDE from Example 7.7, but now
with point observation at the right end:
Jw ow
_(-xst): _(X,l), W(l,t)_w(o, t)zl’t(t)v
at ax

y(t) =w(,t), t>0, xe€(@,1).

The corresponding system node on (U, X, U), where X = LZ(O, )and U = C, is
given by

1 i
o= {() () so-s0=1]. 5()=()

and so,

Re<J <1Z)> , S <f}>> = Re(z, 7/) — Re(z(1) — z(0), z(1)). (7.4)

The right-hand side of (7.4) equals

% (12D = 120) — Re(z(1) = 2(0), 2(1)) = —%|z<1) —20)? = —%|v|2.

Theorem 7.8 shows that the transfer function H is strongly positive real.
To calculate the transfer function, we consider z := (sI — A|x)~'Bv. Then

sz(x) =7/ (x), z(1) —z(0) = v,

which gives z(x) = ¢**v/(e* —1). Since C&D () = z(1), we have H(s) = ¢*/(¢* —
1). This transfer function has feedthrough Dy = 1.

As in Example 7.7, we have Wi, := H 10, 1) and similarly as in that example we
see that the system node is compatible. With the choice C|w,,,z = z(0), we have that
the corresponding feedthrough operator D equals one, as desired.
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We note that A and Why, are the same in this example and Example 7.7 and that
the observation operators from the two examples are the same on Wr,i,. However, the
feedthrough operators are different.

Alternatively, in the present example, we could have chosen the feedthrough D
to be zero (and therefore not equal to Dy). The corresponding extended observation
operator is given by C|w, .. z = z(1). Then, we have a feedthrough operator which is
the same as in Example 7.7, an observation operator which (on D(A)) is the same as
is Example 7.7, but an extended observation operator C|,,. which is not the same as
in Example 7.7. O

We give several more examples of partial differential equations with positive-real
transfer functions to further illustrate some of the results from Sections 3-6.

Example 7.11 Consider the heat equation from [16, Example 4.3.12]:

= Py —ue, 0 =0
— X, = —W, 1), —U, =Uu , — Y, =
ot ox2 ox ox

y(@) = w(l, 1)

t>0,xe(01).

Routine arguments show that the corresponding operator S given by

5 1
o {2 e ) (5)

is a system node on (U, X, U), where X = L?(0,1) and U = C. We have

Re<J (i) B (i)> —Re(?’, ) — Re(Z'(1), 2(1)) ¥ (3) € D(S),

and integration by parts shows that the right-hand side of the above identity is equal
to

Re(z(1), /(1)) — Re(z(0), 2'(0)) — [IZ[I* = Re(z'(1), z(1)) = —[|/||* < 0.

Theorem 7.8 guarantees that the transfer function H is positive real. To calculate H,
set z := (sI — Alx)~'Bv and note that

sz(x) =Z"(x), Z(1) =v, Z'(0)=0,

which gives

() = v cosh(y/sx)
A= S sinh(V5)
Since C&D (%) = z(1), it follows that
H(s) = b
VT s tanh (%)
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It may appear that H has a branch point at 0; however, this is not the case. Indeed,
consider the power series expansion of tanh(z) at zero which converges for |z] < %

and has only odd powers of z. It follows from this that /s tanh /s has a power series

. . 2 . .
expansion at zero which converges for |s| < %-. Therefore, H is meromorphic in the
whole of C, with poles at —n’7? for n € Ny. It is clear that H is neither strictly nor
strongly positive real. O

Example 7.12 Consider the following heat equation with control in a Robin boundary
condition:

Bw( " Bzu)( 0 aw(l 5
-— X, = —F5 ) ~ )
ot ax2 ax

a
+ kw(l,t) = u(t), a_w(o’ =0 t>0, x e(0,1),
X

y() =w(l, 1)

where k > 0. This controlled heat equation is obtained from the system in Exam-
ple 7.11 by application of feedback with the operator K € L(C) defined by
Ku := —ku.Since K is strictly dissipative, we obtain from Proposition 6.1, Lemma 6.2
and Example 7.11 that the transfer function of the above Robin controlled heat equa-
tion is positive real. Moreover, we obtain from Theorem 6.4 that its transfer function
is stable (that is, it belongs to Hg°). O

Example 7.13 Here, we revisit Example 7.11, but now with a Dirichlet rather than
Neumann boundary condition at zero and with non-negative feedthrough Dy:

2

Bw( ) 0 2 x.1) aw(l n=u(), w,1)=0
— @, 0)=——=01), —0,1)=u@), wO71)=
ot dx2 ox t>0, xe€(0,1),

ow
y®) =w(l, t) +k—~1,1)
0x

where k > 0. With X = L2(0, 1) and U = C, the above system corresponds to a
system node S on (U, X, U) given by

2 "
0= (5) (78 )2 =o] ()= (o Eh)

Calculations similar to those in Example 7.11 lead to

Re<] <f}) .S (i>> =—[IZ1? —«v® V¥ (%) e D(S).

Since z(0) = 0, we have ||z]|® < ||Z/||%, and so,

Re<J <$> .S (f})> < Nzl =k]® V() e D).
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From Theorem 7.8, we now obtain that the transfer function H is strictly positive real,
and furthermore, H is strongly positive real if « > 0. Routine calculations give

tanh
Hs) = 4 2OhGS)
s
showing in particular that H has feedthrough Dy = «. We see that H is in fact strongly
positive real if, and only if, ¥ > 0. O

The next example involves an operator-valued transfer function.

Example 7.14 Consider the following heat equation on the square £2 := (0, 1) x (0, 1):
2 2

aw( 1, A2, ) 5 w2( 1, A2, ) a wz( 1, A2, )’
—(x X t —(x1. X t +_ X X t
1 2

w(0,x2,1) =0, w(,x,t) =0,
9 3
0.0 =0, —(xp, 1,1) = u(xy, 1),
0x7 0x2

yxr, 1) = wx, 1, 1).

Setting X = L2(2)and U = L?(0, 1), it follows from the standard theory of elliptic
boundary value problems that this PDE system corresponds to the following system
node S on (U, X, U):

D(S) = (Z> c <H2(9)> - 2(0,x) =0, a 2(1,x2) =0
= v L2(0,1) . —Z(x1,0)=0, _Z(xl,l)zv(xl)
8x2 ax2

S (i) = <Z (.A’Z1)> ,  where A is the Laplacian.

Invoking Green’s identity, we obtain

1
z z 0z -
Re<J (v) Y <v>> = Re(z, Az)Lz(_Q) — RC/(; 3_)62(x1’ Dz(x1, 1) dxy

= —IVzll72 o, <0,

which holds for all () € D(S). As a consequence, the transfer function H is positive
real (where we have used, once again, Theorem 7.8).
We calculate z := (sI — A|x)~ ' Bv from

2z 3%z
sz(x1, x2) = —5 (x1, x2) + —5 (x1, x2),
axy dxy

0 d
20,0) =0, z(1,x2) =0, —(x1,0)=0, —(x1,1) = v(x1).
0x2 dx2
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This problem can be solved by separation of variables, so we substitute ¢(x1)¥ (x2)
for z(x1, x2) and re-arrange to obtain

for some constant ¢ (which may depend on s). Solving
¢"(x1) = cp(x1), 9(0) = (1) =0,
we see that c = —n?7? withn € N and o(x) = \/isin(nmcl). Next, we solve
V') = (s +n’rHy ), ¥0) =0,

to obtain ¥, (x2) = ¢, cosh(xa+/s + n?m2), where ¢, is a constant (depending on n
and s). We then have

(0.¢]
20, y) = > ey cosh(uay/s +n2m?) V2 sin(nay)
n=1

and still need to satisfy the boundary condition (dz/dx2)(x1, 1) = v(x). This leads
to

o
Z cnv's +n272 sinh(vs + n2m2) V2 sin(nrxy) = v(x;).
n=1

We infer that c,+/s + n?m2 sinh(+/s + n2m2) must equal the n-th Fourier sine coef-
ficient of v. Therefore,

Yn (V)

Vs + 1272 sinh(\/s + n2n2)

Cp =

where the linear functional y;, is given by
1
Yn(v) = V2(v, sin(nr ) 120.1) = ﬁ/ v(x1) sin(nmx;)dx.
0

As consequence, we obtain for the transfer function H,

ﬁsin(mr 2.

H(s)o = i cosh(+/s + n2m2)y, (v)
B Vs + n27? sinh(v/s + n2n?)

n=1
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Note that this means that the Fourier sine coefficients of H(s)v are obtained by mul-
tiplication of the Fourier sine coefficients y, (v) of v with

1
hy(s) = ,
" A/s + n?m? tanh(Vs + n2n?)
which itself is a positive-real function. O

Next, we will be considering a wave equation example.

Example 7.15 Consider the wave equation

P = E 0 w00 =0, 2210 = a0
—-—5 X, = —5 X, 9 w(v, == VU, PR ) =u
or? ax2 ox

3 t>0,xe(0,1).
w

H=—(,t
y(@) 8t( )

Define X := Z x L%(0, 1), where Z := {z e HY0, 1) : z(0) = 0} with inner product

(z1,22)7 = (2], 2h) 2.

Note that this inner product is equivalent to the standard inner product which Z inherits
from H'(0, 1). Setting U = C, the above wave equation is described by the system
node on (U, X, U) given by

21 H20, 1)
D) =1|z]e|HO D] :21000=0,z1(1) =v,2200) =07¢,
v C
21 22
Sl = zf
v 22(1)

We note that the condition z(0) = 0 which appears in the definition of the domain
D(S) corresponds to the additional boundary condition (dw/dt)(0, t) = 0, which is
a compatibility condition.

It follows from the definition of S that

Re<J (i) .S (f})> =Re(z1.22)7 + Re(22. 27) 12 — Re(Zj (1), z2(1)) ¥ (%) € D(S).

Integration by parts shows that the right-hand side of the above equation is equal to
Re(z1,22)z — Re(z), 21) 12 + Re(za(1), 21 (1)) — Re(z2(0), 21 (0)) — Re(z} (1), z2(1)).
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Using that (z1, 22) x, = (2}, 25) 12, We see that the above expression equals zero, and

)

Consequently, by Theorem 7.8, the transfer function H is positive real.
To obtain a formula for H, we calculate z := (sI — A|x) ! Bv from

2210 =2/ (x), z21(0) =0, zi(1) =v, z2(x) =sz1(x),
which gives

__usinh(sx)
a0 = s cosh(s)

Since C&D (%) = z2(1), we conclude that H(s) = tanh(s). Noting that H(0) = 0
and that H has poles at i (2n + 1)/2 for n € Z, we see that H is neither strongly nor
strictly positive real. O

Example 7.16 Consider the following wave equation

92w 92w

W(x’t)=ﬁ(x’t)’ w(0,1) =0,
d 0
B+, n=u@f t>0 xe1.
0x dt

n=2%1
)’()—W(a)

where k > 0. This system is obtained from that in Example 7.15 by feedback with the
operator K € L£(C) defined by Ku := —ku. Since K is strictly dissipative, we obtain
from Proposition 6.1 and Lemma 6.2 that the transfer function of the above wave
equation is positive real. Moreover, Theorem 6.4 ensures that its transfer function is
stable (that is, belongs to H{°). O

Example 7.17 Consider the overdamped wave equation

92w 9w 3w

— X, 1) = —, 1 ——(x, 1), 0,t) =0

gz 0D = gzt a0, wO.n
Jw 92w
Pan+ %00 =ua >0 xe(1).
ox LD ¥ g (LD =u®

H=220
y( _5 7)
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Set U :=Cand X := Z x Lz(O, 1), where Z is defined as in Example 7.15. The
above wave equation is described by the following system node on (U, X, U):

21 H'(0. 1)\ 21+22€H0,1),
D)=z e |HYO, 1) |: 21000 =0, 2;(1) +z5(1) = v, ¢,
v C 22(0) =0
21 22
Slz )=+
v z22(1)

Calculations similar to those in Example 7.15 yield

Re<1 (j) S (§>> = —[1513. <0 Y (3) € D(S),

and hence, by Theorem 7.8, the transfer function H is positive real. As before, H can
be determined via calculation of z = (s/ — A|x)~! Bv and we obtain

tanh(—=)
H(s) = — Y5*1°
s+ 1

As in Example 7.11, H does not have a branch point at — 1. Points for which —2— =

Vs+1
2n—1
2

i with n € Z (the poles of tanh) are the poles of H. Consequently,

—m+iv16r — 72 —nQ2n— 1% —/72@n — DH* — 1672n — 1) .
b n —_—

, 2
8 8
are poles of H, as are,
—27(2n — 1)?
Sp 1= )
7@2n—1)2 + /7220 — D* = 16(2n — 1)?
Since limy,— 0 s, = —1, we see that — 1 is an accumulation point of poles. Further-

more, 5, < —1 foralln > 2,and so H € H* |, but H ¢ H} for any « < —1.1In
particular, the transfer function H is not meromorphic on C, but it is meromorphic on
C_;. O

Finally, we consider an example of the feedback interconnection of a heat and a wave
equation, both of which have positive-real transfer functions.
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Example 7.18 Consider the following coupled heat-wave equation:

a7z 8%z 9w 92w
E(X’t) = W(X,l), W(X, 1) = W(X,l),
z(0,1) =0, w(,t) =0,
9z ow t>0, xe(0,1),
yl(l)=—Z(1,l)—K8—(1,l), @) = —(,1),
X ot

9z w
— 1,0 =y) +v1(), — (1, 1) =y1(t) +v2(1),
0x 0x

where ¥ > 0. This is the feedback interconnection of the heat equation from Exam-
ple 7.13 (with output multiplied by — 1) and the wave equation from Example 7.15,
with respective input/output pairs (vi, y1) and (vz, y2). The respective transfer func-
tions are given by

K((s) := —x —

M and H(s) := tanh(s) .

/5

Since H is positive real, K, € H{® and — K, is strongly positive real for every « > 0,
it follows from Theorem 6.16 that the transfer function

tanh(s)

1+ 0 tanh(s) + & tanh(s)

H(s)(I — K (s)H(s)) "' =

is in Hg°, provided that x > 0. Since K, € Hg°, the coupled heat-wave equation is
stable for k > 0 (in the sense that all four transfer functions are in HSO). If « =0,
then, akin to Example 6.19, it can be shown that the feedback interconnection is not
stable. O

8 Conclusion

A general class of irrational and operator-valued transfer functions has been con-
sidered, with a particular focus on the positive realness property, and its relation to
stabilization by output feedback. The main result in Sect. 3, Theorem 3.7, gives a char-
acterization of positive realness in terms of imaginary axis data and provides a clear-cut
generalization of the well-known rational case. Section 4 introduces stronger notions of
positive realness, namely strict and strong positive realness, and Theorem 4.4 describes
relationships between the two. In Sect. 5, we discuss admissible and stabilizing feed-
back operators, generalizing the formulation of [51] and “preparing the way” for our
main results in Sect. 6—relationships between positive realness and stabilization by
output feedback. We highlight here Theorem 6.3, which contains a characterization
of positive realness in terms of mixed imaginary axis conditions and stabilizability
properties, and Theorem 6.4, which states that H being positive real is equivalent to
the condition that every strictly dissipative output feedback operator is a stabilizing
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feedback operator for H. Furthermore, given a transfer function H and feedback oper-
ators K1 and K5, Theorem 6.8 shows that the function (/ — KoH)(I — K1H)_1 is
positive real if, and only if, every operator K in the sector defined by K and K> is a
stabilizing feedback operator for H. The necessity direction of this result is reminis-
cent of the well-known circle criterion. We note that in less general contexts, the circle
criterion is usually formulated for nonlinear control systems (guaranteeing global sta-
bility for all nonlinear static locally Lipschitz functions satisfying a sector condition
determined by K and K7) and we remark that suitable extensions of Theorem 6.8 and
its corollaries to the nonlinear case are in preparation [20]. Finally, we would like to
highlight Theorem 6.16 which shows that positive realness of a transfer function H is
equivalent to H being stabilized by every stable transfer function K such that — K is
strongly positive real. Establishing alternative sufficient conditions for the stability of
the feedback interconnection of two transfer functions H and K in Hy(L(U)) in terms
of positive-real type properties of H and — K seems an interesting problem for future
work (see also [56, Theorem 4.2] which has some overlap with Theorem 6.16). We
feel that the theory developed in the current paper is likely to be useful in this context.

9 Appendix

Proof of Lemma 2.2 We first prove the following lemma.
Lemma 9.1 IfS € L(U) is such that Re S = O, then I + S is invertible.

Proof Assume that Re S > 0. Noting that
(I + S)ul> = |ull® +2(Re Su, u) + |Sul®> > 1 VYueEy,

it follows that I + S is bounded away from 0. Now, since Re $* = Re S, we have
Re §* > 0, and, by replacing in the above argument S by S*, we see that I 4+ S* is
bounded away from 0. Consequently, 7 + S and (I 4+ S)* are both bounded away from
0 and therefore I + S is invertible (see [33, Proposition 3.2.6]). m|

Proof of Lemma 2.2 We start by noting that
2Re S > (1 —8)(1 487 (1 + 5*5) ©.1)

is equivalent to
A+8)(S+ 85— 1 =8+ S5*S) =0, 9.2)

which in turn is equivalent to
S+ S +8)— (I =S - ) = 0. 9.3)

Obviously, (9.1) implies that Re S > 0, and so, by Lemma 9.1, I 4 S is invertible, and
hence, the operator / + S* is also invertible. Consequently, (9.3) is equivalent to

S — (I + 897V =S5 = ST+ 5" = 0. 9.4)
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Moreover, (9.4) is equivalent to

82 > (I + SN — S5 — S)UT + S) " u, u)

= -85+ S)*lu, -9+ S)flu) Yu e Ey, 9.5)

or, equivalently,
I =) +87" <8 9.6)
The claim now follows since the inequalities (9.1)—(9.6) are all equivalent. O

Continuity of the function defined by (4.6). Here, we show that the function % :
C, — Ry defined by (4.6) is continuous.* To this end, let s € C, and let (s,) be
sequence in C,, such that s, — s as n — 0o. We note that

[{(Re H(s,)u, u) — (ReH(s)u, u)| < |[ReH(s,) —ReH(s)|| Vrne N, Vu € Ey.

9.7
We now choose u, € Ey such that
8y := (ReH(sy)u,, u,) — h(s,) - 0 asn — oo.
By (9.7),
rn = (ReH(sy)uy,, u,) — (ReH(s)uy,, u,) — 0 asn — oo.
Now, foralln € N,
h(sn) = (Re H(sp)up, tn) — 8p = (ReH(s)up, un) +rn — 8y,
and so, h(s,) > h(s) + r, — 8,, showing that
linn;io%f h(sp) > h(s). 9.8)

Furthermore, we choose v,, € Ey such that
&, .= (ReH(s)v,, v,) — h(s) > 0 asn — oo.
By (9.7),
qn = (ReH(sy)vy,, v,) — (ReH(s)v,, v;) > 0 asn — oo.
Noting that, foralln € N,

h(sp) < (ReH(sp)vy, vy) = (Re H(s)vy, vy) + g,

4 Actually, for the purpose of proving Theorem 4.4, it would be sufficient to show that % is lower semi-
continuous (and hence, — £ is upper semicontinuous), since that is all that is needed for the mean-value
characterization of subharmonic functions.
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we conclude that i (s,) < h(s) + gn + €, which in turn implies

lim sup A (s,) < h(s). 9.9)

n—o00

Finally, we obtain from (9.8) and (9.9) that
lim h(s,) = h(s),
n—oo
proving the continuity of 4. O

Proof of Lemma 5.5 By hypothesis, there exists > 0 such that

1
IS = 1S* < — YueU, VneN.

=

Furthermore, (S, *u, Syu) = ||u||2 forall u € U and all n € N, and thus,
I Snull = pllull Yu e U, Vn €N,

which in turn implies that

[Sull = plull YueU.
Similarly, the identity

(S7 ', Sfu)y = |lull*> YueU,VneN

can be used to show that

IS*ull > pllull Yu e U.

Hence, S and S* are both bounded away from 0 and therefore S is invertible (see [33,
Proposition 3.2.6]). Finally, for every u € U,

1
18w — S~ | < —|lu— 8,8 'u > 0 asn — oo
uw
and
—% —x% 1 * Q—*
IS, "u — S "ull < —llu—-S,S "ull =0 asn — oo,
“w
completing the proof. O
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Proof of Lemma 5.8 Under the conditions of the lemma, it follows from [26, Theorem
1.9, Chapter VII] that the set A does not have any accumulation points in £2. It remains
to show that, if A is non-empty, then every point in A is a pole of (I — F)~! (and
not an essential singularity). To this end, assume that A # ¢ and let p € A. By [18,
Lemma 4.3.3], I — F(s) is a Fredholm operator for all s € §2. Choose an open
neighborhood IT C §2 of p such that I — F(s) is invertible for all s € IT\{p} =: IT*.
Obviously, index (I — F(s)) = O for all s € IT*, and so, invoking [18, Theorem
4.3.11], we conclude that index (I — F(p)) = 0. An application of [18, Theorem
4.3.5] now shows that there exist closed subspaces Uy, Uy, Vy and V| of U such that
dmU; =dim V| <oo,U =Uyg® Uy = Vo @ V) and I — F(p) is of the form

Fo O
I—F(p)z(OOO):erervo@vl,

where Fy € L(Up, Vp) is an isomorphism. Let F; € L(Uy, Vi) be an isomorphism
and define

' oo
T;:((()) F_1>:V069V1—>U069U1~
1

Trivially, T is an isomorphism and

T(I —F(p)) = (f, 8) .

We now partition 7 (I — F) as follows:

T(I—F)=<ég>,

where A, B, C and D are holomorphic functions defined on £2 with values in £L(Uy),
LUy, Uyp), L(Uy, Uy) and L(Uy), respectively. It is clear that A(s) is invertible for all
s in a sufficiently small neighborhood of p. Therefore, by suitably “shrinking” IT if
necessary, we may assume that A(s) is invertible for all s € 1. The Schur complement

S(s) := D(s) — C(s)A™ ' (5)B(s)

of T(I — F(s)) is holomorphic on IT with values in £(Uy). Since T (I — F(s)) is
invertible for all s € IT*, the Schur complement S(s) is invertible for all s € IT* and

[T —F@s)] ' =

(A_I(S)(I +B()ST(5)C()AT(5)) —AT (9)B(s)S' ()

—5~1(5)C()A " (5) 51 (s) ) Vs eIl

(9.10)
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see [46, Proposition 1.6.2]. Since S(s) is invertible for all s € IT*, S is holomorphic on
IT with values in £(U;) and U, is finite dimensional, the function S-1 holomorphic
on IT* and the singularity at p is a pole. Finally, each of the functions A~!, B and C
is holomorphic on I7, and thus it follows from (9.10) that p is a pole of T'(I — F)~!
and hence of (I — F)~1. m]

Proof of Lemma 6.2 Statement (1) follows immediately from Theorem 6.4. We pro-
ceed to establish statement (2). By hypothesis, we have that — K = —K* > 0 and
hence there exists a unique operator S € L(U) such that § = §* > 0 and $?2=—-K
(that is, S is the square root of — K). Then, trivially, I — KH = I + S?H and thus,
for every s € Cy, the operator I — KH(s) is invertible if, and only if, 7 + SH(s)S
is invertible. But the function s +— SH(s)S is positive real and the invertibility of
I + SH(s)S for every s € Cy is a consequence of statement (1) of Corollary 2.3.
Finally, to prove statement (3), assume that K is dissipative and an admissible
feedback operator for H and dim U < oo. Lete, > Obe such thate, — Oasn — oo
and set K,, := K — ¢, 1. Then, K, is strictly dissipative and Theorem 6.4 implies that

gn(s) :=det(l — K,H(s)) 20 Vs € Cyp, Vn e N. 9.11)

Seeking a contradiction, suppose that (6.1) does not hold. Then, setting g(s) := det(/—
KHp(s)) for all s € Cy, there exists 5o € Cp such that g(sg) = 0. Let A C Cp be a
closed disc centred at so such that g(s) %= O for all s € A, s # sg (the existence of
such a disc follows from the admissibility of K). The boundary of A is denoted by
dA, and we set u := infgega |g(s)| > 0. The sequence of holomorphic functions g,
converges locally uniformly to g, and so there exists N € N such that

sup |g(s) — gn(s)| < Yn>N.
s€iA

It now follows from Rouché’s theorem [30, Theorem 5 in Chapter 5] that, for every
n > N, the function g, has a zero in the interior of A, contradicting (9.11). m|
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