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ABSTRACT

Emerging 3D printed concrete techniques has raised numerous possibilities in contemporary
architectural creations that are often beyond the scope of prevailing structural design standards. Rigorous,
three-dimensional, and nonlinear finite element analysis (NLFEA) with appropriate constitutive
modelling of materials would be inevitable when analysing complex structures. However, many existing
concrete models could hardly handle those structures' complicated behaviour, including crack-induced
anisotropy, changeable stress transfer mechanisms, shear-slip and re-contact, mesh-size sensitivity, etc.
Hence, this paper has developed a novel and experimentally validated constitutive model to tackle the
above issues. The novel features include (1) highly robust total-strain formulation, (2) cyclic normal and
tangential stress-strain responses, (3) a novel algorithm for uniquely fixing the 3D crack plane coordinate,
(4) the equivalent strain transformation for modelling the axial-lateral strain interaction, (5) shear-slip

and re-contact behaviour of cracks, and (6) mesh-size sensitivity mitigation. The proposed model was
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implemented into ABAQUS’s user-subroutine and applied to simulate a full-scale column test with
specimen height =5 m. The tested column, subjected to a constant vertical load and a cyclic load in the
horizontal direction, failed in shear. The simulation can capture the damage evolutions and hysteresis
response of the tested column. Hence, the proposed modelling framework could serve as a basis for

analysing and designing concrete structures with unconventional shapes under non-proportional loading.
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1. Introduction

Concrete, a type of quasi-brittle material, remains one of the most consumed materials only next to
water [1]. The popular design and analysis methods [2,3] for concrete structures are simplified strength-
based and empirical-based methods applied to typical and regular structural members. However, the
emerging 3D printed concrete techniques [4] have raised unbounded possibilities for constructing
concrete structures of unconventional and complex shapes. However, many prevailing design standards
do not allow the conventional or elastic methods to be used for complexly shaped structures [5,6] due to
the possible severe stress and strain localisation. Three-dimensional nonlinear finite element analysis
(3D-NLFEA) could be the only feasible option for designing the next generation of concrete structures

that might feature non-conventional shapes and complicated loading conditions.

The essential ingredient in NLFEA is undoubtedly the constitutive models of the materials.
Anisotropic mechanical responses of quasi-brittle materials could result from discontinuities in the strain
field. But such anisotropicity is ignored by classical plasticity or coupled damage-plasticity models that
assume isotropic hardening/softening rules [7—12]. Although those models may give reliable simulations
under proportional loading conditions, they have remained the most popular models due to their
simplicity in numerical implementations and parameter calibrations. Some advanced anisotropic damage
models [13—17] can adequately capture the anisotropic inelastic responses. However, many parameters
defining the evolution laws of the damage, yield, and flow rule often require excessive calibration work.
Genetic algorithms were even proposed for estimating the many unknown parameters of the anisotropic

damage model [18].

On the other hand, micro-plane or micromechanics models [19-21] process a manageable number of
parameters. However, the procedure of mapping the micro-plane stress to the macroscopic stress of a
representative volume element involves the evaluation of a 21-point numerical integration to attain

sufficient accuracy [22]. A 37-point numerical integration scheme is even needed for significant
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softening behaviour [23]. The high computational demand of micro-plane models may have restricted
the applications to material design [24] and limited nonlinear structural analysis of small size members
such as beams under impact [25] over an extremely short period of only milliseconds, and fracture
behaviour of notched beams [26]. For practical analysis of the nonlinear behaviour of realistic large-
scale reinforced concrete structures under extreme events with a lengthy time scale such as earthquakes
and hurricanes, models with higher computational efficiency and quick parameter calibrations based on

standard material tests are desired.

The other side of the concrete modelling spectrum features the phenomenological approach. The
modified compression field theory (MCFT) [27,28] and fixed angle softened truss (FAST) or softened
membrane model (SMM) [29,30] are the two widely adopted models for the nonlinear structural analysis
of planar RC elements. Those models repeatedly demonstrated to show good agreement with
experimental results and computational efficiency [31-34]. Uniaxial stress-total strain relationships with
or without shear stress transfer were prescribed on the assumed crack planes by those models. Based on
the assumption of orthogonal cracks [27,29,35], the stresses on the crack planes can be readily
transformed to the global coordinates using Mohr’s circle. Due to the adoption of the total strain
formulations, implementation of those models in displacement-based finite element codes would suffer
little or no convergence issues when the material softening occurs. However, the MCFT and SMM/FAST
were formulated for 2D stress elements only and necessitate the proportional loading condition [36] due
to the assumption of coincidence of principal stress and principal strain directions, which is valid only
for isotropic elastic materials. This assumption becomes invalid if shear stress occurs on the crack planes
due to aggregate interlocking. Even for flexure-controlled RC members under incremental reversed
cyclic loading in the same directions, the shear effects would be increasingly significant with the crack
severity in the plastic hinges [5]. To generalise the formulations to 3D cases, eigendecomposition of the

stress and strain tensors have substituted the traditional Mohr’ circle analysis [37]. Another successful
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attempt on the 3D generalisation was done by Mullapudi and Ayoub [38], who employed the 3D
Timosheko beam element with the softened membrane model to simulate columns subjected to combined
axial, shear, flexure, and torsion loading. Their model formulations comply with the equilibrium and
compatibility requirements in the 3D space. Yet, the uniqueness of the orthogonal crack plane
coordinates needs to be addressed for general 3D solid-element implementations. Furthermore, the
deviation of the principal stress and principal strain directions and the shear stress on the crack planes

must be accounted for if non-proportional loading condition applies.

Moreover, the employment of continuum finite elements with conventional constitutive models for
the simulation of material damage or softening behaviour could be mesh-sensitive [39]. Nonlinear
responses time history analysis [5,40] is often needed to design irregular concrete and brittle structures
under earthquake excitations. This type of analysis would involve the modelling of softening and

extensive damage behaviour, and therefore, the mesh-sensitive issues should be resolved.

Given the above issues, this paper presents a new, robust, and computationally-efficient constitutive
model for concrete structures. The model is formulated based on eigendecomposition and the rigorous
cyclic stress-strain behaviour prescribed on the fixed crack planes and was successfully implemented in
ABAQUS using the user-subroutine. The modelling parameters can be readily determined from or
correlated with the data of standard material tests. The model could capture a wide range of inelastic
behaviour of concrete under non-proportional loading. Lastly, the model was adopted to simulate a real-
scale RC column test, and a good agreement between the experimental and simulated behaviour could
be observed. Moreover, structures made of quasi-brittle, fibre-reinforced cementitious composites [41]
and 3D printed concrete exhibiting heterogeneous stiffness properties [4] can also be simulated by the
proposed model using appropriate constitutive laws. Hence, the modelling framework presented in this
paper could serve as a basis for analysing and designing the non-conventionally shaped concrete

structures subject to non-proportional loading.
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2. Model development

2.1 Overview

This section presents the overall framework, principles, and general behaviour of the constitutive
model development. The proposed model utilised the phenomenological stress-total strain relationships
on the cracked planes supported by well-established experimental results. The crack planes are assumed
to be orthogonal to each other once formed. A crack plane except for the third crack plane occurs when
the principal stresses exceed the prescribed crack strengths. Since the second crack plane cannot be
uniquely defined following the formation of the first crack, a novel searching algorithm was developed
to fix the crack-plane coordinate. Meanwhile, the third potential crack direction can be uniquely

determined after the formation of the second crack due to the orthogonality constraint.

At a given time, the strain increments and stored internal variables in the global coordinate are passed
to an element's material point or integration point. The total strains are first calculated and transformed
to the crack coordinate. Then, the equivalent uniaxial strains, which are used to calculate the effective
normal stresses on the crack planes, are obtained by subtracting the strains due to Poisson’s effect from
the total strains. The shear retention relationship calculates the shear stress on crack planes. Lastly, the
stresses in the crack coordinate are mapped back to the global coordinate using the contravariant tension
transformation, and the internal variables at that material point are updated. A regularisation method for
modifying the model parameters based on the element characteristic length is proposed to mitigate the

mesh-size sensitivity issues when material softening occurs.

2.2 Constitutive modelling of cracked concrete

The detailed mathematical formulations of the constitutive are presented in this section. The

eigendecomposition and the crack plane formation criteria based on the principal stresses are first
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discussed in section 2.2.1. Then, the stress-strain models along the normal and the tangential directions
of the crack planes are presented in section 2.2.2. The transformation of the equivalent uniaxial strains

from the total axial strains with the modified Hsu/Zhu ratio is provided in section 2.2.2.
2.2.1 Eigen-decomposition and crack plane directions

The principal stresses g; or strains &; can be obtained by solving the eigenvalue problems for the stress

tensor & and the strain tensor € in the Cartesian coordinate system.
(E-o1) vy=0: (5-51)-V;=0 m

where I is the identity tensor; V; & \7] are the unit direction vectors of the corresponding principal stress
o; and principal strain &; respectively. The order of the principal stresses/strains is taken as o7 = 0, = 03.

The direction vectors form the orthonormal basis i.e. V7 - V; = §;;, where §;; is Kronecker delta. The

lj 9
inverse of the directional vectors V; and \7] are their transposes V]-T and V]-T respectively. By using these

inverse properties and Eq. (1), we have

Vi-6-Vi=0; V/ -8 V,=%¢ (2a)
Vico-V/ =3; Vi-g-V/=¢ (2b)

where 6 = 0;6;; and € = £;6;; are the stress and total strain tensors rotated to the principal directions

with zero off-diagonal elements (i.e. shear components = 0). The above transformation is also known as

contravariant tensor transformation. For isotropic elastic materials, the principal stress and principal

strain directions coincide i.e. V]-T . \7] = 1. Yet, when a material deforms inelastically, the principal stress
and strain directions, in general, do not coincide i.e. V]-T . \7] # 1. The causes of the non-coaxiality

include the coupling of deviatoric and volumetric strains, plasticity/damage-induced anisotropy, and
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plastic-strain development. The non-associate flow rule makes the strain tensor does not commute with
the stress tensor i.e. 6 - € # € - @ that results in V]-T : \7] # 1 [41], as the elastic-plastic stiffness matrix
Ky or the compliance matrix S, = Kg,} are no longer symmetric and isotropic in this situation [42].
The directional cosines cos a;; of the principal stress direction vectors in Cartesian coordinates with the

basis e; are given as

cosa;; = V{ - ej in which ¥ cos?a;; = 1 (3)

It is noted that 2a;; is equal to the rotation angle of Mohr’s circle representation for the stress/strain

transformation.

Meanwhile, increasing concrete compression causes microscopic wing cracks, which are generally
nucleated from the weak interfacial transition zone (ITZ) between the aggregates and cement pastes [43].
As the number and size of the wing cracks continue to grow, the interaction or coalescence of the cracks
will occur and lead to system instability [44], i.e. compressive fracture. The crack direction resulting
from the compressive fracture is influenced by the boundary restraints and confining pressure [45].
Under low lateral confinement, splitting cracks would occur and the crack opening is perpendicular to

the compression direction, i.e. V]-c = V3l. However, under high lateral confinement, shear cracks would

occur with the propagation direction being deviated from the principal compression direction. As a low-
confinement situation is assumed in this study, the splitting crack mode would occur under the
compressive fracture. Such assumption is consistent with the compression field theory [27].
Furthermore, although little to no visible macroscopic cracks due to the wing-crack coalescence would
be observed when concrete is compressed in the pre-peak regime [43], an increase of mortar cracking
could be observed above 70% of the peak stress [46]. Strain localisation along the loading axis could
occur around 80% of the peak stress [47]. Hence, it could be assumed that a preferred crack orientation

could emerge under compression at o3 = cqif, With 1.0 > ¢ = 0.7 and the corresponding crack
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opening direction 1is V]-c = V3. Yet, the macrosopic splitting crack would not form until the peak

compressive strength f. is reached [43].
The first crack plane (preferred crack orientation) is assumed to occur at a specific angle a. measured
from the x-axis e,, when one of the following criteria is satisfied.
a. = a1 +1/2 ifo,=f>0 (4a)
Ae = a3 if 03 =ckéf: <0 (4b)
The normal directional vector of the j™ crack plane is directly obtained from the eigenvectors as
‘/I'C S V1 lf 01 = ft > 0 (Sa)

Vi=Vy if 03 = cqéf. <0 (5b)

where ¢ is the compressive strength modification factor, and its physical meaning will be introduced later.
For 2D problems, the vector perpendicular to the principal compressive stress Vi shall satisfy V/ - V3 =
0 and therefore, it is simply equal to V4. But it becomes indeterministic for 3D problems unless another
vector lying on the crack plane is found. Physically, cracks tend to open in the maximum tensile
strain/stress direction V; or V; and the principal direction V, or V, of the immediate stress/strain shall
lie on the crack plane. As a result, the norm of the crack plane also coincides with V; or V;. The crack

direction cannot be resolved in axisymmetric problems where V; = V,, but they can be transformed into

equivalent 2D problems.

2.2.2 Stress-strain relationship in the crack plane coordinates
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Based on a series of panel shear tests, Vecchio & Collins (1986) [27] and Hsu & Mansour (2005) [48]
developed constitutive laws for planar cracked concrete, which is represented by diagonal struts
prescribed with uniaxial stress-strain relationships along (V3 ) and perpendicular (Vy) to the crack plane
as shown in Fig. 1. As discussed above, after the crack formation, the responses of the material become
anisotropic and the principal stress and strain directions do not coincide. Therefore, shear stress can occur
if the shear strain is induced on the concrete crack plane upon the subsequent loading. The rough cracked
surface's tangential shear stiffness or friction would not vanish due to the aggregate interlocking or shear

retention [27,42] when the crack opening is small.

When the loading direction is reversed, the second crack plane in the same and sufficiently small
material element can be assumed to be perpendicular to the first crack plane [35,49]. Furthermore, the
orthogonal crack planes can be fixed on Vi & V3 right after the crack initiation. To model the behaviour
of such pair of diagonal struts, an improved stress-strain relationship based on Hsu & Mansour (2005)
has been developed and is outlined below. The main modifications include (1) a new unloading curve
that is based on the concept of plastic-strain and crack-strain decomposition from the compression
envelope, (2) the minimum compressive strength that is used to prevent numerical instability, (3) the
residual strength—dependent unilateral points for the stiffness recovery from tension to compression
transition, (4) the introduction of shear stress-strain behaviour on the cracked planes, and (5) modified

Poisson’s effect under different stress states.
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I. Stress state at I1. Stress state at
the first crack further loading

Crack planes are orthogonal
to each others

§7AN

A

V2orz

.. L. —! |
Principal stress & principal |
strain directions coincide %~ |-
before cracking

TiIz= &= 0at
the first crack

Principal stress & principal
strain directions do not co-
incide after cracking

T Ty

T13 < Ve, max

713 & &3 on the crack plane can
be nonzero at further loading

Fig. 1. Stress states at the first crack and upon further loading.

Uniaxial behaviour

If the concrete along the direction V§ is under compression, then the ascending and descending

branches of the compression envelope of the stress o3 and the equivalent axial strain €5 curves are

expressed by Egs. (6a) & (6b) respectively.
2
o3 = (D¢ fe = fea) [2 (%) - (%) ] + fea if (e, <e<0 (6a)

7y = max (D¢, [1 = (B2 e, 0f) i ey >y (6b)

The state-variables D and ¢, which control the softening of the compressive strength f. < 0.0, are
calculated by Eq. (7) and Eq. (8) respectively; f., is defined in Fig. 2; D depends on the maximum

compressive strain €M% in the past loading history, while ¢ is the multiplication of three strength
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reduction factors {; (f;), and {,(&; = 0); a. is a mesh-size dependent constant governing the decay rate
of the compressive stress after the peak. The tensile strain &; > 0 along the direction Vi which is
perpendicular to V5 . The second term of Eq. (6b) represents the minimum compressive strength and is

used to prevent numerical instability. The factor c,,;;, is set as 0.01 in this study.

D=1—lp££:aXS1.0 eMax < o %
¢ = Gl Saler = 0) = (32 <09) - (7) ®)

where 1 is a parameter controlling the effect of cyclic damage on the compressive strength. If the
concrete along the direction V{ is under tension, then the stress-strain envelope can be expressed by Egs.

(9a) and (9b) for the pre-peak and post-peak branches, respectively.

o =E.& if & 2620 (9a)

ag X
or = acofy (£) if & > e, (9b)

where f,. is the peak tensile stress and ¢, = f,./E. is the corresponding strain; a; is a mesh-size
dependent constant governing the decay rate of the post-peak tensile stress; acp is the ratio between the

residual compressive strength f,, (Fig. 2) and the peak compressive strength ; f. as defined by Eq. (10).

acp = fea/ (G1fe) < 1.0 (10)

Under cyclic compression, the stress initially follows the envelope curves given by Egs. (6), which
has a peak at C1 ({¢g,, {f.). Upon load reversal, the material is unloaded from C2 (&¢,, f,2) to C3(bcecy,
0.0) with a softened stiffness E.p3 = f.»/ (ecz(l — bc)) < E_. If the material is reloaded in compression

at C4 (&c4, fea), the stress-strain curve will point toward C5 ((2(ecy — fe2/Ec) + €ca)/3, 0.2f,). After
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CS5, the stiffness increases, and the loading curve will pass through C6 (0.98¢¢,, 0.85f.,). Once the

stress touches the envelop curve, the subsequent loading curve follows Egs. (6).

Under cycle tension, the stress initially follows the tension envelope given by Eq. (9). If the material
is loaded beyond the peak stress T1 (&, f,-) and then unloaded at T2 (€75, fr2), the unloading curve will
point toward T3 (e72/3, —0.2ap f,) with a softened stiffness. The stiffness recovery can be observed
for continuous compression of the material after passing T3, and the stress will pass through T4 (0.0,

(=1.5f + 0.8f1,) - acp) until touching the compressive envelop again.

For bc = 0.0, the unloading curve is origin-oriented, which results in no plastic strain or pure
cracking, while for b = 1 — f.,/E ¢, the unloading stiffness is the same as the initial stiffness, i.e.
E.,3 = E., which results in no crack strain or pure plastic deformation. Hence, b¢ is a parameter
controlling the ratio between the plastic strain and the cracking strain [10]. The inelastic strain is
accumulated in the compressive loading cycle from C2 to C2’, and this is known as the ratcheting

phenomenon that can cause low-cycle fatigue of materials [50].

Meanwhile, the factor acp for T3 and T4 as defined by Eq. (10) is used to eliminate the abnormal
behaviour of the original model for the stress at the stiffness recovery (unilateral) point T4 from tension
to compression. Without the damage factor ap, the stress at T4 unrealistically remains constant even if
the compressive strength is exhausted completely. Meanwhile, the cyclic loading effect on the
compressive strength degradation is reflected by the factor D as given by Eq. (7). The parameter i

controls the decay rate and its influences on the cyclic behaviour are illustrated in Fig. 3.
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The strain at point C3, bcec,, is the plastic strain, which is assumed to be proportional to the total

strain under compression. The proportional constant b shall be within the range given below.

0.0 < bc <1 - fop/(Ecec2) (11)

Shear behaviour

The shear stress on the crack plane is zero at the crack initiation, but the shear stiffness will not vanish
due to the aggregate interlocking. Therefore, shear stress will be present on crack planes if the shear
strain is induced during the subsequent loading [35]. Cyclic Softening Membrane Model (CSMM) [30]

assumes that the principal stress directions V; and the principal strains directions \7] coincide and

therefore the shear stress on the crack plane can be directly calculated by using the uniaxial stresses and

strains on V{ & V§ with Eq. (12).
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Fig. 3. Under a cyclic strain history (a), the strength degradation can be controlled by the parameter .

No degradation will occur for (b) ¥ = 0, while various degrees of degradation will occur for none zero

P,e.g. (c)y =0.1and (d)yp =0.2.

However, as discussed above, such an assumption is invalid and generally V]-T . \7] # 1 for inelastic

materials. The Modified Compression-Field Theory (MCFT) [27,28] also assumes V]-T . \7] =1, yet it

allows the shear stress to exist on the crack planes. The maximum shear stress 713 4, On a crack plane
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V7 subjecting to shear in V3 is calculated by Eq. (13), which is based on the aggregate interlocking

analysis by Walraven [51].

T3 =22 g3 (CSMM) (12)

€17€3

_ 2
T < Teumerr = fo1 + 1.64(—0y) — 0.148% (MCFT) (13)

where (—a;) = gy if 6 < 0 or (—07) = 0 if g; = 0 and hence the last two terms of Eq. (13) account for

the pressure-dependent friction.

Under the absence of normal compression on the crack plane Vi , the maximum shear stress T, ycpr

is given by Eq. (14).

N 0181, .
Tel = 0314 24w max/ (0 +16) (in mm, N) (14)

The maximum shear stress ¥.; is a function of the maximum aggregate size
D, and the maximum crack width wy 4,,,,. In smeared crack models, w; can be estimated from the crack

strain &f" = & — f,./E. = 0 and the element characteristic length crack [, as
Wimax = glc,:nax le (15)

The element characteristic length crack [, shall be less than the expected crack spacing L.y, which
depends on the reinforcement ratio and the material strengths, and it can be estimated by the Salem and

Macekawa model [52] as

be =500 () (D) () () (B) T e (16)
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in which p,; is the effective reinforcement ratio in Vi , d is the bar diameter and £, is the yield strength

of the reinforcement. For orthogonally reinforced concrete panels, p,.; can be calculated as

_ (AsiertAseer)vy

Pe1 = = Po1€0S%ay + percosayy (17)

ARc

where Ag; & Ag are the area of reinforcement within the effective reinforced area Ag. with the
corresponding effective reinforcement ratios p.; & pe: in the longitudinal (e;) and transverse (e;)

directions respectively. cos a;; = e; - Vi & cosa;; = e; - Vy.

The second and third terms of Eq. (13) depict the compressive stress-dependent frictional effect, where
the coefficient of the linear term can be regarded as the coefficient of friction w. In this study, the
following generalised first-order friction model based on CEB-FIP (2010) [53] is used to calculate the

maximum shear stress across the concrete-to-concrete interfacial crack
T = f'c(Wi) + [1(—0'1> < Temax (18)

where 7. is given by Eq. (14) and u depends on the roughness of the cracked surfaces; 7. q 1s the limit

of 7.. As per the recommendations by CEB-FIP (2010) [53] on concrete to concrete interfacial modelling,

0.5—-0.7 Smooth interface
u=10.7—-1.0 Rough interface (19)
1.0 — 1.4 Very rough interface

The equilibrium condition requires 7;; = t;;. If cracks have formed on both V{ and V3, the maximum

sustainable shear stress on these two crack planes would be limited by Eq. (18).

T,cij,max = min[fci(wi,max: <_O-i))rfcj(wj,maxr (_0}>)] (20)

The shear stiffness of cracked concrete can be independent of Young’s modulus and Poisson’s ratio.

Furthermore, the maximum shear stress in Eq. (13) decreases with the crack opening w only. The most
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common way to model this effect is to use a damage state-dependent shear retention factor 3, < 1 [54—
56] to reduce the effective shear stiffness, i.e. Goq = f,G., where G, = E./ (2(1 + vc)) is the initial
shear modulus. The shear retention factor (3, could be as small as 0.01% after the crushing occurred [54].
This effect can also be modelled by reducing the maximum shear stress v¢;j mqx With the damage factor
acp,;j as defined in Eq. (11) of the relevant crack planes V; and V]-C such that the degradation rate of the

maximum shear stress is consistent with that of the compressive strength, e.g.
Tjj = 2ByGeeyj < T'eyj (21)

Meanwhile, the imperfect contact of the crack surfaces would lead to nonlinear elastic shear stress-strain
behaviour. More complicated shear models such as the contact density model [35] can be used to model
this behaviour. Based on the above model, the maximum attainable shear stress across a crack would
degrade with the normal crack opening w but increase with the aggregate size D,, which is an important
feature of shear stress transfer due to aggregate interlocking [51]. The relations among the maximum

attainable shear stress, the crack width, and aggregate size are illustrated in Fig. 4.

For a system with weak aggregate or high-strength cement paste, the aggregate strength would be
comparable with the matrix strength. Then, the crack could cut through the aggregate, leaving a smooth
crack surface. If the aggregate fracture is expected, the maximum attainable shear stress across a crack

can be modified using the aggregate effectivity factor Cr according to CEB-FIP (2010) [53].

T,c,max = T¢max Cf (22)

where Cr = 1.0 if the aggregate does not fracture upon cracking, Cr = 0.35 if most of the aggregate is

expected to fracture upon cracking. In this study, the assumed cyclic behaviour, termed modified shear

retention, is shown in Fig. 4(¢). The shear slip with 7 = 0 on the crack plane would occur during
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unloading until the shear strain sign is reversed and the shear stress will pick up again. This behaviour

is due to the opening and re-contact of the cracked surfaces during the cyclic shear sliding.

9 . .
\ w=10
T - f.=-30 MPa
o
“‘E-’ Te,max = 7 MPa
@ 6 e |
b ?D, =20 mm
ﬁ \
2 6
73]
3 c
o
£
<]
(&)
0.6 : : 0
° o oe 09 " COlsff ient ffr'ct'OlT 08
Crack width w (mm) oefficient of friction y
(a) (b)
1.5 .
- = - Modified shear retention
—Contactdensity - - - =
0.5
5
E
=
-0.5
15 .
-6 -2 2 6
Shear strain (10'3)
(c)

Fig. 4. Shear behaviour across a crack: (a) maximum attainable shear stress (f; = 30 MPa, o; =
0 MPa); (b) coupling with normal stress; (c) cyclic responses described by the modified shear retention

and contact density model [35].
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Equivalent axial strain transformation

In displacement-based numerical analysis, the deformation gradient or stain increments are given at
each element integration point at a time step. The total normal strain increment §€;; (i = 1,2,3) of an
element cannot be directly used to calculate the uniaxial stresses with Egs. (6)-(9). The strain increment

due to Poisson’s effect shall be eliminated to obtain the equivalent uniaxial strain increments d¢;; [37] as
5511 = 581']' - Z?n:l Vim5gmj(1 - Sm]) (l = ]) (233)

The transformation can be expressed as

08 =L- )¢ (24a)
_6511_ r 1 —V12 —V13 T 6811_
5522 —V321 1 —V33 0 5822
=2 = 24b
of 6612 1 O 0 6812 ( )
58_23 0 0 1 0 5823
_6531_ o O O 1_ _6831_
and the inverse of Eq. (24) is
[8€11 [ 1 —vV33Vp3  Vig +Vi3V3y  Viz t+ VipVa3 16117
8y Vo1 +V31Va3 1 —Vy3V3y Va3 + Va3 0 8&y;
Oe33| _ 1 |Va1tVarVaz Va2 tVigVar  1—vipvy 8&33 (25)
Sen| 1l £l 0 0 ||6&
b&y3 0 0 |L| 0 [|5&;
_6831_ L 0 0 |L|- _6531_

where [£] = 1 —V3,Vp3 — Vi3V — Vi3V31 — Vi2V2a3V31 — Va1V3aVi3.

The Poisson’ ratio of uncracked concrete is isotropic v;; = v.. The cracked concrete becomes an

anisotropic material and, if the crack is opening in V{ that §&; > 0, the lateral strain to the axial strain
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ratios can be represented by the following empirical relations, which are based on the Hsu/Zhu ratio

[30,48] derived from panel tests:

Vij = Ver = min[o-z + 850 max(|egl, |es:|) 'Vcr,max] u(0T3,j - Uj) (26a)

Hence, the crack opening/strain in V{ will not induce lateral strains in V]-C, meanwhile the axial strain in
V]-c (if uncracked) will incur higher lateral strains in Vi with v;; >0.2 up to Ve max. Under cyclic loading
and monotonic axial loading, V¢ max = 1.0 and 1.9 were recommended respectively [48]. Under torsion
loading, v;; could be reduced by 20% [57]. Therefore, Eq. (24) depends on the largest steel strain of
leg| or |&g:| in the longitudinal or transverse direction, which controls the crack width and spacing as
calculated by Egs. (15) & (16). The steel strains |eg;| and |&g;| can be taken as the total normal strains

of the concrete element along the orientations of the longitudinal and transverse rebar respectively. Fig.

5 illustrates the crack conditions and the corresponding modified Hsu/Zhu ratios.

The unit step function u(O-Tg‘j_O}‘) =1if or3;—0; >0 else u(aTgJ- - a]-) = 0 is added to the
original relation of the Hsu/Zhu ratio to account for the effect of crack opening/closure under cyclic
loading. o7 ; is the stress on the crack plane j at the stiffness unilateral point T3 (e7,/3, —0.2a¢p f;)
defined in Fig. 2. Therefore, the recovery of the ratio will conform to the complete crack closure from
tension to compression. Furthermore, the transformation of Eq. (26) with Eq. (27) will lead to a non-
symmetric stiffness matrix. And the principal stress and principal strain directions of a material

deforming inelastically with a non-symmetric stiffness matrix would certainly be non-coincident.
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Fig. 5. Poisson’s effects under different stress states.

3. Numerical implementation and model behaviour

The numerical implementation of the proposed constitutive model and the development of a novel
crack-plane searching algorithm are firstly discussed in section 3.1. Then, in section 3.2, the constitutive
behaviour depicted by the proposed model is firstly illustrated by four examples: (1) axial and lateral
responses under uniaxial loading, (2) multiaxial responses, (3) shear responses under normal constraints,
and (4) general responses under non-proportional loading. In section 3.3, a method for regularising the
model parameters according to the element size is proposed for mitigating the mesh-sensitive issues.
Lastly, the simulated structural responses of shear panels are presented and compared with the test results

1n section 3.4.

3.1 Crack plane searching and solution algorithm

The proposed constitutive model has been implemented into ABAQUS using the subroutine for user
materials [58]. Table 1 lists the material parameters and the state variables of the proposed constitutive
model. The flowchart of the solution algorithm as described in section 2 is outlined in Fig. 6. The

constitutive model of the cracked concrete is formulated in terms of total strains and loading-history
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dependent state variables. Each state variable has explicit mechanical meaning and can therefore be
calibrated using standard material tests. Another essential feature of the proposed model is the eigenvalue
decomposition to determine the crack directions based on Eq. (5) criteria. As long as two crack directions

are fixed, then the remaining potential crack direction can be determined by orthogonal condition.

Yet, if only one crack direction, say V7 , is known, the other two crack directions V5 & Vg cannot be
fixed, although they must liec on a unique plane g, with V{ as the normal vector. Assume that the first
crack denoted by script ‘cl’ is formed in Vy at time t.4, the other eigendirections at the same instance
are Vo(t.1) & V3(t;1). The shear stress may exist on §; upon subsequent loading and the
eigendirections of the stress tensor at a later time shall be deviated from V, (t.;) & V3(ts). To fix Vg
& V§ upon subsequent loading, local eigenvalue decomposition on g4 will be performed. The

operations are described below.

Firstly, the eigenvectors are stored in columns of a matrix V(t.;) = [V (t¢1), V2(ter), V3 (te1)] with
01 > 0, > 03 after the first crack occurs at t.;. The second crack denoted by script ‘c2’ occurs at a later

time t., > t.;. The global stress tensor 6(t.,) is rotated to the frame spanned by V(t,,) as
VT(ter) - 8(te) - V(te) = o(tcy) (27)
Then, the local stress G,, on the plane 4 can be extracted by
G, =R 0(t2) ' R (28)
The eigenvalue decomposition of 6y,, on the plane §1 is then performed
Vggl (tez) " Gp, - Vp, (E2) = 0, (29)

where R, 6, & Vj,, (t.;) have the following forms:
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1 0 0
Vo, = [0 Ver Ve (30)

0 0 O 0 O 0
0 1 0]; Gp, = [0 022 023
U

0 o3, 033

The 2D plan g4 is spanned by the eigenvectors V3 = [0, V22, ng]T &V5 =[0,V323, V;’f]T in the

local coordinates. As far as one of the eigenvalues o, satisfy the condition of Eq. (5), the directions of

crack planes V¢ = [Vf, V7, V3] in the global coordinates can be obtained by left-multiplying V,, with V:

Ve = v(tcl) ’ Vgol (tez2) (31)

In the subsequent loading or a new time step, V¢ will be used to rotate the global strain tensors to the
cracked plane coordinates, where the stress increments and the changes of state variables are evaluated.
It should be noted that V denote the normal directions of the stored crack planes and the corresponding
normal stress 6¢ = [09, 0%, 0%] would not be in the same order as the principal stresses such as o; >

O, > O3.

If all cracks are formed due to the exceedance of tensile strength in a principal stress direction, the
crack coordinate can be uniquely defined. However, if a crack plane with the opening direction Vf is
caused by the principal compressive stress in V3(t.,) at t,q, additional constraints on the subsequent
crack formation are needed to ensure a unique crack coordinate. The principal compression direction
V3(t' > t.,) at time t' may deviate from V3(t.;) at time t,; if a shear stress 7,3 occurs on the crack
plane V{. Yet, owing to the orthogonal constraint, the principal compressive stress in V3(t") shall not
incur a new crack plane other than V§, provided that V3(t") is not perpendicular to V3(t.;) and the first
crack in V{ remains open. A particular case is that when the first crack V7 is closed at t and the normal
stress on the crack plane o5 (t") becomes less than the maximum principal stress o, (t'), then a new crack

plane will form in V,(t' > t.q) if 05(t") = caéf. (Eq. 5(b)).
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Table 1. Model parameters and essential state variables.

Attribute

Description

Equation(s)

Model parameters, C,,

EC7 vC’ GC

fes fr

€os &r
bc

1%

ac a¢
D,

By
Pel> Pet

u
Cck

Vcr,max

State variables, 1.,

7

V].C

&c2ir feai
€cair feat)

er2ir fr2i

Acpi

A
Tei» Tci,max

LCS

Pe1
Vij

Young’s modulus, Poisson’s ratio, and shear modulus respectively of
uncracked concrete

Uniaxial compressive strength and uniaxial tensile strength respectively
Corresponding strains at f, and f,. respectively

The ratio between the plastic strain and the cracking strain in
compression

Control the effect of cyclic damage on the compressive strength

Govern the decay of the compressive and tensile stress respectively
after the peak

Maximum aggregate size
Shear retention factor

Reinforcement ratios of the longitudinal rebar and transverse rebar
respectively

Coefficient of friction for the shear transfer across a crack
The ratio of the crack strength to the peak strength under compression

The maximum Hsu/Zhu ratio

Principal directions of the stress tensor and the strain tensor respectively
The normal vector of the j™ crack plane

Stress tensors in the global Cartesian coordinate and the crack plane
coordinate respectively

Strain tensors in the global Cartesian coordinate and the crack plane
coordinate respectively

Equivalent strain tensor
Control the compressive strength softening due to cyclic loading

Control the compressive strength softening due to the orthogonal tensile
strain and concrete strength

Strain and stress at the load reversal point C2 from the compression
envelope

Strain and stress at the load reversal point C4 that already passed
through C3 from tension to compression

Strain and stress at the load reversal point T2 from the tension envelope

Stress reduction factor for the unilateral points T3 and T4 where the
abrupt change of stiffness occur

The maximum shear stress on the crack plane under the absence or the
presence of normal compression respectively

Crack spacing along the crack extension direction
Effective reinforcement ratio along the crack extension direction
Effective Poisson’s ratio after cracking

9, 21), (24)

(6), (9)
(6), (9)
(11

(7
(6), (9)

(14)
21
(17

(18), (19)
4), (5)
(26)

(1) &(2)

)
(1) & (2)

(1) &(2)

21)
(7
®)

Figure X1 (a)
Figure X1 (a)

Figure X1 (b)
(1)

(14) & (1)

(16)

(17)
(24) —(27)

#1 =1,2, 3 denote that the state variable is stored for the first, second, or third crack plane respectively.
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Hence, a second crack plane shall only form if the conditions (Fig. 7) given by Eq. (32) are satisfied.
This condition is trivial for 2D elements but is necessary for 3D elements since the crack coordinate
cannot be fixed until the second crack plane occurs.

V3(ter) - V3(t) =0

4 — ’ 3 n —
VZ (tcl) - VZ(t > tcl) 1f03(t) - Cckffc and {VS(tcl) . (tl) + 0 with O'i(t’) <0& + O'l(t

" (32)

Similar conditions are adopted to determine the formation of the third crack, although V3 is already

uniquely fixed after the determination of Vi & V5 based on the orthogonal condition.

3.2 Simulated three-dimensional constitutive behaviour

As demonstrated in section 2, the cyclic stress-strain behaviour under uniaxial loading on the crack
plane that involves significant material softening can be simulated without difficulties. This section
further examines if the proposed model's multiaxial constitutive behaviour can comply with the
experimentally observed behaviour discussed above. Unless otherwise specified, the material parameters
adopted in the following case studies are based on the mean properties of concrete C20/25 as per
Eurocode 2 [59]: E. = 29.96GPa, v, = 0.2, f. = —28 MPa, f, = 2.21 MPa, g, = —2.0 X 1073, ¢, =
7.727 X 10~>. Meanwhile, the following parameters are based on the recommendations [10,30,42,53]:
bc=05, v=0, a.=4 , D, = 32 mm, p,=02 , wu=0.7 , cx=07,

Vermax = 1.0, a; = 1.0.
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At time step 7, input strain
increment, previous state
variables & stress in the global

coordinate: 58, ZL 1 & i1

Yes

No

Eigenvalue decompositions of & =
g7 + §€'to find & & Vjusing Eq. (1)

v

Transform g}i to eji using Eq. (21) with

Vij = V¢

Uncracked

v

state

Calculate in using Eq. (6) or (9)

Use Eq. (5) to
check cracking

Transform O}i to & using Eq. 2(b) with
Vi=Vi&setZ; =7 '

Yes

Cracked state without
shear strain

Transform &' to 68‘} using Eq. (2a)
with V} = V§

¥

Transform &§ e'ji tod Sf using Eq. (21)
with v;; defined by Eqs. (22) & (23)

v

Calculate O'ji using Eq. (6) or (9)
with & = &' + 5¢]

o) =

No

Record crack directions V§
=P & transform oy to @' using

Eq. 2(b) with V} = V§

v

Cracked state with shear strain

=

Calculate crack width w using Eqgs. (15)-(17)

Yes

Update state variables Z;

v

Calculate the maximum shear stress
Ve max W using Eqs. (13) & (14)

v

Calculate the shear stress on the
crack planes using Eq. (18)

Y

Asse_rnble & transform o'
to @ using Eq. 2(b) with
Vi=vs

for the cracked state
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3.2.1 Lateral behaviour under axial loading

Fig. 8(a) presents the simulated evolutions of the axial strain &y, lateral strain &, =&, = &,
volumetric &, and equivalent deviatoric strains €j, which are defined by Eqgs. (33) and (34) respectively,
under the applied compressive stress o,. The material parameters adopted are f, = —32.8 MPa and

€, = —2.24 x 1073 based on the test results by Kupfer ez al. [60], while Ve, max = 0.8.

&y =& + &+ &5 (33)
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where €, &,, €3 are the principal strains.

When concrete is compressed beyond the elastic state, dilation &, > 0 occurs [8] due to the initiation
and propagation of the microscopic wing cracks discussed above. The elastic contraction &, > 0 due to
the regular Poisson’s effect with v, < 0.2 was terminated when the compressive crack strength —0.7{f,

was exceeded. Afterwards, the Hsu/Zhu ratio v;; (Eq. 26) that governs the ratio between the inelastic
lateral and axial strain continued to increase with the total strains, and the dilation begins when v;; =
Vyz = V), > 0.5. Fig. 8(b) shows the evolution of volumetric strain €, against the equivalent deviatoric

strain &p.
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3.2.2 Reversed axial loading with lateral constraints

Fig. 9 presents the simulated multiaxial stress evolutions under lateral constraints that strains £, and
&, remained constants of —5 X 107> and 5 X 107> respectively, while increasing compression was
applied in x until £ = —1.5 X 1073, Then, the loading was reversed to tension and stopped at &, =
2.5x 1073, The small strains imposed on y and z were to ensure the principal strains could have
different values. The first crack with normal vector V.4 = V, formed, when the compressive stress o,
exceeded the prescribed crack strength of —0.7(f.. Then, the second crack V., = V, formed when the
stress g, was reversed and reached f,.. Before the second crack occurred, the stored normal vectors of
the crack or potential crack planes were [Vc1 =V,V,, Vx] since 0, = 01, 0, = 0, and g, = 03. The
crack coordinate remained unchanged until the second crack plane formed and the stored crack plane
vectors became [Vcl =V, Va2 =V, V, ] Swapping of V,, and V, in the stored crack vector positions
occurred, as the new crack opened in x with g, = g; and the xz plane with normal vector V,, remained
uncracked. Furthermore, to maintain the total strains &, and &, unchanged, non-zero o, & gy, i.e. the
equivalent strains €, # 0 & €, # 0, were needed such that the total strain changes due to the Poison’s

effect and stress could counterbalance with each other.

Furthermore, the proposed model can simulate an interesting behaviour related to Poisson’s effect
before and after the closure of the cracks. When the compressive stress o, first reached —0.7(f, the
splitting crack V.4 = V, occurred but was closed initially as the crack plane was under compression
0, < 0. Following the loading reversal in x, g, increased and eventually became positive. At that point,
the crack plane V.4 opened and the equivalent strain in the corresponding direction £.; = €, increased
at a faster rate as shown in Fig. 9(¢), since the Poisson’ effect v,, as defined by Eq. (26) and illustrated

in Fig. § increased upon the crack opening.
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Fig. 9. Multiaxial responses and cracking under reversed axial loading: (a) total normal strains; (b)

stress in global coordinate; (c) equivalent normal strains on crack planes; and (d) the number of cracks.

3.2.3 Shear with normal constraints

The simulated responses under planar shear strain y,, with normal constraints, i.e. £, = £, = 0. are

shown in Fig. 10. The shear stress-strain curve was unsurprisingly linear until a crack occurred in the

maximum principal stress direction gy (45° from the x-axis). If the normal deformations of the element

were not constrained, then the shear crack strength would be the peak strength as well. Yet, in this case,

the shear stress could increase further due to the confining stresses provided by the normal constraints.
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In RC elements without normal constraints, the essential normal stresses are provided by longitudinal
and transverse rebar through the so-called “truss mechanisms” [5], allowing the continuous transfer of
shear stress in the post-cracking state. The yielding of rebar in the “truss mechanisms” would limit the
normal stresses and shear stress. Yet, regardless of the rebar amount, the crushing of the diagonal struts
imposes the upper limit of the attainable shear stress, which is a well-known RC behaviour and well

captured by the proposed model.
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Fig. 10. Shear responses under normal constraints: (a) shear stress-strain behaviour; (b) principal stress

responses.

32|Page



3.2.4 Non-proportional loading

Fig. 11 presents the simulated general behaviour under non-proportional loading. The xz plane was

first cracked by the applied tensile loading in V,, = V4, then the deformation in y was constrained and

reversing normal strains &,, £, and shear strain &,, were applied. The second crack formed at 168.9°
from the x-axis (Fig. 11(e)) due to the exceedance of the tensile strength in V., (Fig. 11(d)). Then, the
normal stress on V., was reversed to compression with increasing magnitude in a later stage. But when
0., first passed the compressive crack strength, no new crack would form as g, is still larger than o3
at that point and therefore, the splitting direction remained V. which was cracked in the beginning
stage. The third crack formed when 0.3 > ag.; and the crack V4 is closed with g.; < 0, then V3 at -

101.1° from the x-axis was split open (Fig. 11(e)).

The first crack and second crack directions coincided with the principal stress directions as intended.
However, due to the orthogonal crack-plane constraint, the third crack did not coincide with the principal
stress directions. Furthermore, it can be observed in Fig. 11(f) that the principal stress and principal
strain directions in the xz plane would strictly coincide before any in-plane crack occurs. After cracking
in V,, the induced shear stress on the crack plane leads to the principal stress directions gradually
deviating from the principal strain directions. In particular, a significant deviation occurred when the
loading direction was reversed. Therefore, the principal stress and strain directions are generally non-
coincident under non-proportional loading. Furthermore, an interesting sudden stress decrease
(compressive stress increased) in V4 occurred near the very end of the loading stage, as shown in Fig.
11(d). This event corresponded to the closure of the crack in V.4 when €.; < 0 as shown in Fig. 11(b).
In summary, the intended behaviour, including the crack formations, crack opening and closure effects,
shear stress effects on cracks, and non-coincidence of principal stress and strain directions could be

adequately captured by the proposed model.
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3.3 Mitigating mesh-sensitivity and mesh size restrictions

Mesh sensitivity in continuum finite element analysis would be resulted from the softening stress-
strain curves due to the localised inelastic deformation [10,39,61] that can significantly affect the
simulated post-peak structural responses. To reduce the mesh sensitivity, the descending branches of the
stress-strain curves (6b) and (9b) shall be dependent on the mesh size or the element characteristic length
[58]. A convenient method to mitigate the mesh-sensitivity is by using the tested stress-displacement
curves, and the equivalent strain can be obtained by dividing the displacement § with the element
characteristic length [,, over which the inelastic deformation in the actual damage or fracture process
zone is smeared. Another method is to adjust the decay rate of the descending branches based on the
element characteristic length [10,39] or the width of the crack/damage band [62]. Contrasting to the
hardening system with elements undergoing homogenous deformation, softening elements will
experience localised deformation, and their neighbouring elements will experience elastic unloading.
The dissipation, which can be evaluated by integrating the element stress over the displacement, will
occur locally in the softening elements. If the stress-strain model remains unchanged, change of the
element size will lead to different element dissipation upon softening at a given element displacement,
which is the cause of the mesh-sensitivity issues. Therefore, the decay rate of the softening stress-strain
curves shall be made element-size dependent such that systems of different mesh sizes can achieve
similar dissipation. Integrating Egs. (9b) and (6b) with respect to the post-peak displacement with § =

el, and excluding the strength modification factors, we have

_ (°(0r=0) Sy ae _ _ffle
O = o io=p) Ir (51) A%y =z (35)
Sy (oc=0) 63/60 1
e = Isutoito fe [ (—3/ ]d53 = 2f.8,(ac = 1) (36)
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For the evaluation of Eq. (36), the relationship 6, = a.d, when o, = 0 was used. As &;l, can be
regarded as the crack opening displacement, 0, is equivalent to the mode I fracture energy G; [62]. From

Eq. (35), a; can be directly evaluated as

— fle _ Lo
%_1+E@_1+ut (37)

in which I, = EG./ f;? is commonly known as the characteristic length of fracture [63]. If the element

size is too large, the snap-back phenomenon and the material softening may occur [10,62]. The element

size of [, < l¢; was recommended [62] to avoid the snap-back. The fracture energy of normal strength

concrete can be estimated according to CEB-FIP Model Code 2010 [53]
G, = 0.073f2-18 (in N, mm) (38)
It can be seen that a; must be larger than 1; otherwise, the integration of Eq. (35) is divergent.

Following [10,47], the localised crushing energy G, relevant to the softening branch is estimated as:
Ge ~ O +2£:8,(1 = be) = = fu6,(ac — 1) +5£c8,(1 — b) (39)

For the consistency of the localised crushing energy by the elements, the following condition is enforced

using Eq. (36) and §, = ¢,1,

fc€ole 3bc+1
G, =20t |2q, — 21| (40)

Rearranging Eq. (40) for a., we have

3bc+1

a. =H + "

(41)

where
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o= 3% (42)

2fceole

Similarly, the element length is restricted as below to prevent snap-back behaviour under compression:

l, < U = (43)

fe€o

Uniaxial compressive stress-strain behaviour of concrete is often determined from compressive tests on
the cylindrical specimen. In the original model, a, = 4 [30] can be regarded as the test result from the

standard uniaxial compressive tests. But the length of the compressive fracture process zone [, would

not spread over the whole specimen and it can be estimated using the following equation [47]

lep = (in mm, MPa) (44)

For instance, the localised crushing energy of grade C30 concrete with £, = 0.0023, and f. = 30MPa
[53] can be calculated by Eq. (42) with [, = [, = 237 mm and Eq. (39) that gives G, = 46.6 N/mm.
Furthermore, the element size should be smaller than the expected crack spacing L. given by Eq. (16)
such that no more than one crack or damage process would be contained in each element. Therefore, the

element size shall be limited as follows
min(lre, e, Les ) > Le (45)
3.4 Shear panel tests

Shear panel tests are the most classical tests used to verify the multiaxial constitutive models for
concrete under pure shear. Shear panels A4, B4, B5, and B6 tested by Pang and Hsu [64] and panel SE6
tested by Kirschner and Collins [65] are simulated with the proposed models. Unlike the typical approach
of simply generating the shear stress-strain curves for specific reinforcing ratios [28], the panel tests were

simulated by structural FEM models, and the averaged shear stress-strain curves are calculated from the
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load-deformation responses. The reinforcing bars were modelled with linear beam elements and
embedded in the concrete 3D elements. Elastic perfectly plastic stress-strain relationships were assumed
for the rebar. The concrete compressive strength is f, = —42.6 MPa, and the yield strength of the rebar

is f, = 470 MPa. The mesh size is 50 mm, and the corresponding mesh-size dependent parameters are

determined according to the aforementioned method. The panels have the same reinforcing ratio in the
vertical direction p, = 2.96% but the varying reinforcing ratio in the horizontal direction. As shown in
Fig. 12, the simulated responses can match the tested results well. The increase of the reinforcing ratios
leads to decreased extent of cracking and increases the peak strength. But at the same time, the ductility
of the member is reduced with the increased amount of reinforcement, which is again the typical

behaviour of reinforced concrete members [5,66] and can be well captured.

3.5 Summary and current limitations

The proposed model adopted the eigendecomposition procedure to determine the crack planes, where
the cyclic normal and shear stress-strain relationships are prescribed. The multiaxial interactions of the
orthogonal crack planes due to the Poisson effect are modelled by transforming the true strain tensor to
the equivalent uniaxial strains. For the analysis of non-proportional loading cases, the crack plane's shear
slip and re-contact behaviour are rigorously modelled, which allows the non-coincidence of the principal
stress and principal strain directions. Furthermore, since the constitutive laws are formulated in terms of

total strains and internal variables, the numerical implementation of the model has very high robustness.

High confining stress can enhance the strengths and ultimate strains and also change the crack angle
under compression. Hence, the assumed crack plane direction defined by Eq. (5) may not be valid for
high-confinement cases. The determination of crack plane direction under high confinement would

require a flow rule [8]. Therefore, in this study, the applications of the proposed model are restricted to
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concrete members subject to low-to-moderate confinement. Yet, the proposed model has the flexibility
to be extended to high-confinement applications by incorporating the flow rule and the confining stress

effects in the constitutive laws.
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Fig. 12. The panels of various reinforcing ratios are subject to pure shear. (a) The extent of the damage
zone and rebar yield zone are more significant in panels with smaller reinforcing ratios. (b) The

simulated shear-strain responses (solid lines) agree well with the test data (markers) [28,64,65].
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4. Simulation of a full-scale shear-critical RC column test

The previous section has demonstrated that the proposed model could well capture the behaviour of
RC elements under typical and non-proportional loading. To further investigate the model performance
in simulating the seismic behaviour of concrete structures, a cyclic loading test on a full-scale shear-
critical RC column of dimensions = 0.8 X 0.8 X 3.2 m was performed and simulated. The development
of NL-FEM of the specimen and the model parameters are presented in section 4.1. The simulated results

are presented and compared with the test results in 4.2.

The test was performed using the Multiaxial Testing System (MATS) at the National Centre for
Earthquake Engineering Research (NCEER, ROC). The test setup, column dimensions, reinforcement
detailing, and the loading protocol are shown in Fig. 13. The transverse reinforcement was lightly
provided in this column such that it would fail in shear before the yielding of the longitudinal
reinforcement. The column was subject to a constant axial load of 2560 kN and varying displacement-
controlled horizontal loading. The evolution of the crack patterns of the column during the cyclic loading
test is shown in Fig. 14 (a). Although the column was subject to a simple load pattern of a constant
vertical load and a cyclic load in the horizontal direction, the local elements would experience non-
proportional stress-strain cycles. The formation of inclined shear cracks and the subsequently induced
shear stress on the crack planes would interact with the vertical stress and make the principal stress and
principal strain coordinates deviate from each other. Furthermore, the low transverse reinforcement ratio
also led to low confinement to the core concrete. Hence, this example could best demonstrate the

capability of the proposed model without violating the model assumptions.
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Fig. 13. Full-scale shear-critical RC column test: (a) test set-up; (b) specimen dimensions and

reinforcement details; (c) finite element model; (d) loading protocol.

4.1 Finite element modelling

Three-dimensional finite element models, which faithfully reproduce the specimen geometries, were
developed using ABAQUS with the material user-subroutine [58] mentioned above. The reinforcing
bars were modelled with 2-node linear 3D beam elements, while the concrete was modelled with 8-node
linear 3D brick elements. Elastic perfectly plastic stress-strain relationships were applied on the rebar
elements. The Young’s modulus was 200 GPa, and the tested yield strengths were 473 MPa and 400
MPa for #10 longitudinal rebar and #2 transverse rebar respectively. The compressive strength of

concrete was 43MPa. The mesh sensitivity was also investigated, and the tested mesh sizes of both
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concrete and rebar elements were 150 mm, 100 mm, and 50 mm. The mesh size-independent and
dependent model parameters are summarised in Table 2. Meanwhile, the maximum element
characteristic lengths for snap-back prevention calculated by Eq. (45) is min(lft, lec, LCS) =

min(254, 1827,1182) mm = 254 mm and hence, the selected element sizes do not exceed the limit.

Besides using the proposed concrete model, one simulation was performed using the built-in isotropic
hardening continuum damage-plasticity (CDP) model in ABAQUS with 50 mm mesh, which is a
modified version of the well-known Barcelona model [7,67]. The CDP requires the input of the
monotonic compressive and tensile stress-strain curves to define the hardening or softening of the yield

surface. The flow rule is non-associated and is determined by the extended Drucker-Prager surface.
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Fig. 14. Comparisons of the tested and simulated column behavior: (a) crack pattern evolution of the
tested full-scale shear-critical RC column; (b) the maximum principal stress distribution (0,4, ) in the

rebar and the contour of the equivalent crack width (w,,.) in the concrete column.
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Table 2. Key model parameters for different mesh sizes

Model parameters 150 mm Mesh 100 mm Mesh 50 mm mesh

E. (GPa) 22.71
Ve 0.2

fc MPa) -41

fr (MPa) 3.57
bc 0.5
Y 0

D, (mm) 20
By 0.2
U 0.7

Vcr,max 10

[, (mm) 150 100 50
a. 5.19 7.48 14.33
a; 1.59 1.39 1.20

For comparing the performances of CDP with the proposed model, the same monotonic (envelope)
compressive and tensile stress-strain curves were used. The damage variable evolutions for CDP, which
control the unloading behaviour, can be defined by assuming the ratio between the plastic strain &, and
damage stain ¢, or total inelastic strain &;,, [10] as used in the proposed model. If the compressive

plastic strain is €, = b.&inc and 4. = (1 — b.)&;y, then the damage variable can be calculated as
de=1—Ee/E;i=1— Uc/[(l - bc)gin,cEci] (46)

where E,. = ag./¢&4. 1s the effective stiffness. Conventional values were assumed for other parameters
used to define the CDP model: the dilation angle = 10°, flow surface’s eccentricity = 0.1, biaxial-to-
uniaxial compressive strength ratio = 1.16, and yield surface’s shape parameter K = 2/3. The embedded

constraint is used to model the interaction between the rebar and concrete elements.
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4.2 Results and discussion

The simulated hysteretic loops of applied load against the normalised column drift were shown in Fig.
15 and compared with the tested curve. Fig. 16 shows the simulated damage distributions and the plastic
strain of the rebar in the columns. The simulated damage pattern and the maximum principal stress
distribution in the rebar of the simulation using the proposed model with 50 mm mesh are compared with
the test results in Fig. 14 (b). The maximum equivalent crack width in each integration point is stored as

a solution-dependent variable in the material subroutine and is defined as

Wer = igll‘:iz)'%(gii - gcr)le =0 47)

The flexural cracks formed in the early loading stage of drift = 0.5%, which is consistent with the test
observation. Both CPD and the proposed models can capture this behaviour. At increased loading,
inclined interacting flexural-shear cracks began to occur at around 0.75% drift (Fig. 14), leading to
reduced lateral stiffness. Eventually, a large diagonal shear crack occurred when the column was loaded
beyond 0.75% to 1.0% drift, where the peak strength was reached, and significant strength degradation
occurred afterwards. The yielding of the transverse reinforcement as shown in Figs. 14(b) & 16(c)

dictated the peak column strength.

Although both CPD and the proposed models could capture the peak strengths and the localised shear
damage, the two models exhibited quite different post-peak hysteretic behaviour, as shown in Fig. 15.
While the CPD model showed a more gradual strength degradation and could not simulate the shear slip
behaviour, the proposed model can well capture the degradation and shear slip and re-contact behaviour.
This critical difference may arise because the CPD model assumes isotropic hardening/softening rules.
The shear stress can be induced on crack planes, and the force transfer mechanisms can vary under non-

proportional loading cases, which isotropic models cannot capture. On the other hand, the proposed
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model can depict the crack-induced anisotropic responses and multiple force transfer mechanisms of the

crack planes, including the shear-slip and re-contact.

Furthermore, as demonstrated in Figs. 15 and 16, similar damage patterns and hysteretic behaviour

can be obtained in all models with 50 mm, 100 mm, and 150 mm mesh. The sensitivity of the simulations

with the proposed model to the mesh size is low. Furthermore, in both experiments and the proposed

model simulation, axial damage with vertical propagating cracks in the column was observed in Fig. 14.

The loss of axial-load carrying capacity and the vertical cracking of the column is due to the significant

shear damage. In summary, the proposed model could well capture the responses of RC members subject

to cyclic and non-proportional loading, and the mesh-size sensitivity issue could be significantly reduced.
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Fig. 15. Simulated and tested hysteretic loops: (a)-(c) proposed model with 150 mm, 100mm, and 50

mm mesh respectively; (b) CDP model with 50 mm mesh.
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Table 3 summarised the energy dissipation, the peak forces, and the residual forces at £1.0% drift for
the numerical simulations and experiment. The simulations with the proposed model generally
underestimated the dissipation by about 20%, but the peak forces and residual forces at +1.0% drift could
be captured. On the contrary, although the dissipation for the CDP model was close to the experimental
result, the model predicted essentially different hysteretic behaviour and significantly overestimated the
residual forces by as much as 85.1%. Moreover, the proposed model with the three mesh sizes could
obtain similar forces at different drifts and dissipation. This result demonstrates that the proposed model

can effectively mitigate the mesh sensitivity of the global responses.

To further demonstrate the importance of adopting mesh-size dependent model parameters, three load-
deflection response simulations were performed again on the column model with 50 mesh size but with
three different sets of model parameters, which are calibrated for the characteristic lengths [, of 50, 100,
and 150 mm respectively. The simulated lateral load response histories of the three models are shown
in Fig. 17. When the columns still exhibit deformation-hardening responses before the peak, the
responses are mesh size independent. However, the post-peak softening responses are strongly
dependent on the model parameters. The model calibrated for [, = 150 mm exhibits the most severe
strength-degradation. As revealed by the energy analysis in Section 3.3, the dissipation at an element
with a longer characteristic length is increased under a given strain in the softening region. When the
softening responses occur, the deformation is localised. As a result, the strength degradation increases

with the increased dissipation in the model with parameters calibrated for a larger L.

Furthermore, the analysis time (CPU time), running on Inter® i9-9900KF@3.60 GHz with 4 cores
parallelisation, of the proposed model with different mesh sizes and the continuum damage plasticity
(CDP) model with 50 mm mesh is compared in Fig. 18. The analysis time for the simulations using the
proposed model increases nearly exponentially as the mesh size reduces from 150 mm to 50 mm. The

analysis time of the 100 mm mesh is about double that of the 150 mm mesh. Although similar global
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load-deflection behaviour could be obtained by the proposed models with different mesh sizes, finer
mesh sizes could better depict the local responses and damage. Hence, considering the balance of
analysis time and details of the local responses, the 100 mm mesh would have the best performance
among the three considered mesh sizes. Furthermore, the analysis time of the CDP model with 50 mm

mesh is about 1.15 times higher than that of the proposed model with 50 mm mesh.

Table 3. Comparisons of the simulated and experimental responses

Test 150 mm 100 mm 50 mm CDP 50
Mesh Mesh mesh mm mesh
L 20.9 215 218 28.2
Dissipation (MN- .
issipation (MN'm) 27.0 (22.6%)°  (-204%)  (-193%)  (+4.4%)
Peak force at + drift (kN) 1429 1420 1506 1368 1417
(-0.6%) (5.4%) 43%)  (-0.84%)
Peak force at - drift (kN) -1485 1495 1595 1396 1551
(0.7%) (7.4%) (-6.0%) (4.4%)
) 463.8 405.7 430 569.6
Force at +1.0% drift (kN 4
oreea b drift (k) 09 (13.4%)  (-0.8%) (5.1%) (39.3%)
Force at -1.0% drift (kN) -435 4311 ~467.4 485 805
(-0.9%) (7.4%) (115%)  (85.1%)

"The force recorded at the second drift cycle; * percentage difference compared to the test result.
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Fig. 17. Evolutions of the simulated lateral load on the column with the same mesh size (50 mm) but
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Fig. 18. Comparisons of analysis time by the proposed model with different mesh sizes and the

continuum damage plasticity (CDP) model with 50 mm mesh.

5. Conclusions

The modern and emerging generation of concrete structures are featured with irregular shapes. Their
analysis and design for safety under extreme loading, including earthquakes and hurricanes, have
imposed challenges to structural designers. The nonlinear behaviour of such structures is well beyond
the limitations of prevailing design standards, and conventional constitutive models may not adequately
model their behaviour. Given this, this paper presents a novel, robust, mesh-sensitivity reduced, efficient,
and rigorously formulated-constitutive model for simulating the nonlinear three-dimensional responses

of concrete structures under non-proportional and cycle loading.

In the proposed model, the crack planes are uniquely searched and fixed using the eigendecomposition
method and a novel local crack plane searching algorithm. The mechanical responses of the crack planes

are rigorously depicted by the proposed cyclic axial stress-strain and modified shear retention models.
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Furthermore, the mesh sensitivity issue due to the material softening was mitigated by regularising the
mesh-size dependent model parameters. The model was implemented into ABAQUS’s user subroutine.
The proposed model can reasonably simulate a wide range of nonlinear and cyclic behaviour of plain

concrete and reinforced concrete elements under regular or non-proportional loading.

A cyclic loading test on a full-scale shear-critical RC column was performed and simulated to validate
the applicability of the proposed model. The simulations can successfully capture the early flexural
cracking, localised shear cracking in the late loading stage and the complete load-deflection hysteresis
responses. While the proposed model can adequately capture the anisotropic, crack-slip, and re-contact
responses, the isotropic-hardening continuum damage plasticity model would encounter difficulties in

simulating the crack-slip responses.
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