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960 Kevin HUGHES

1. Introduction

The motivation for this paper is Littman’s LP(R?)-improving result for spherical
averages from [Lit73]. For dimensions d > 2 and functions f : R? — C define the
spherical average (over the unit sphere) by

AfG) = [ flx—y) do(y)

where do is the Euclidean surface measure on the unit sphere S~ in R

LiTTMAN. — If A is the averaging operator over the unit sphere, then
(1) AL oy < CUN 3t

In this note we will be interested in estimates for the discrete spherical averages
which are analogous to (1). Suppose that d > 2. For A € N and functions f : Z¢ — C,
define the discrete spherical averages

Afx)=NaN) Y flx—y)
YELE:|y[P=A
whenever Ny()\) := #{y € Z% : |y|> = A} is not zero. In other words, A, is the
linear operator given by convolution with the discrete (or more appropriately named
“arithmetic”) probability measure

ox = Nd(A)_ll{yGZd:|y|2:)\}'
Our main result is the following.

THEOREM 1.1. — If d > 4 and % < p < 2, then for each € > 0, there exists
constants C,, . depending on p and € such that for all A € N (further restrict A to be
odd when d = 4), we have the (P-improving inequality

c—d(2_
(1.1) A Fllo 20y < Co X267 £ -
The implicit constants are independent of .

We are also motivated by Lee’s work [Lee03] which proved that the dyadic spherical
maximal function variant of Littman’s theorem holds. Moreover, our methods are
flexible and we can use them to strengthen Theorem 1.1 when p is sufficiently large.

THEOREM 1.2. — Ifd > 5 andp := d%d2’ then there exists constants C, depending
on p such that for all A € N, we have the (P-improving inequality for the A-dyadic
discrete spherical maximal function

sup Ay f]|

A<SA<2A

_d(2_
< CATEE| Flnazoy.

(1.2)
p's00(74)

The constant C), is independent of A.

This clearly implies the same is true for a single average and hence we may remove
the e-loss in Theorem 1.1 when p > d%dQ’
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¢P-improving for discrete spherical averages 961

1.1. Motivation

When d > 5 and A € N, we have that 1007'A“2" < Ny(A) < 100A“"; when d = 4
and \ is restricted to be odd, we have that 100_1)\%/10@; log A < Nyg(\) < 10005
loglog \. Several years ago Jim Wright asked the author: What is (P-improving for
the discrete spherical averages? We interpret his question as the following.

QUESTION 1.3 (Jim Wright). — When are there exponents 1 < p,q < oo and a
constant C' = Cyq,, 4, possibly depending on d, p,q but 1ndependent of X\ such that
(1.3) 1A Nlgo 20y < CllFllep (20)?

On the one hand, unlike the continuous case in R?, we do not have the dilational
symmetry to exploit; this is why we want (1.3) to hold uniformly for A € N instead
of formulating the question for the unit sphere (A = 1) as stated in Littman’s result.
On the other hand, we may quickly obtain some trivial off-diagonal results by using
the contraction inequality

(1.4) AN o (z2) S N Fllgn(zay  Forall 1T<p<oo
and the nesting property of ¢P-spaces

(15) 1fler < Ifllw forall 1<p<
<

to see that (1.3) is true for all A for 1 < p < ¢
Question 1.3 trivial.

We consider the following two examples 1.4 and 1.5; assume for simplicity that
d > 5 and )\ € N is large.

7

q <
oo with C' = 1. This makes

Example 1.4 (6-function). — Take f to be the delta function at the origin Then

A, f is supported on the sphere of radius v/A and has height NNt = A5 . Thus,
fOI' P, q > 17

AN Nleazy = AN Nl oo (20) Na(A)
1 _(d=2\({_1
= Na)T Il zy = ATV Fll .
We have a similar bound for the dyadic maximal function

sw (1= XX e

A<A<2A ASA<2A x€74:|x|=\

Q=
I
<
~—~
>
~—
Q=
L

Consequently,

—2 d—2

<AAS A U(EFR) A9
(Zd) -

Therefore, for p,q > 1, we have

A<A<2A

sup
A<A<2A

(e < At )(52?) = At (G)(52 )||f‘|£p(zd)_
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962 Kevin HUGHES

Example 1.5 (big ball-function). — Take f to be the indicator function of a ball
of radius R =~ v/A. Then A, f is supported on the ball of radius R 4+ v/A ~ v\ and
has height = 1 for a large chunk of it. Therefore,

14l aty = 1 ey =~ R
for ¢ > 1 while
£l sy = B,

The same estimates hold with the dyadic maximal function sup,<yoa [Axf| in place
of Ay f. Here we immediately see that we must have ¢ > p to satisfy (1.3). Combining
these two we see that for 1 < p < 2:

sup |[Axf]|

A<A<2A

a2
S CRITI
o' (zd) ’ |LfH£p(Zd)
Here and throughout, p’ is the dual exponent to p which means for 1 < p < oo
that >+ -5 = 1.
Example 1.4 actually reveals more since Young’s inequality implies

—2

140 ) = s % Pl () < 100 ) 1L () < 100X 1l -

This bound extends to the dyadic maximal functions:

| 50D 1Al sty < J00A s )
A

A<A<2

Interpolating this with the contraction inequality we obtain the following estimate

(1.6)

sup |Axrf| H < IOOA_%(%*)HfH”(Zd) for 1<p<2,
A<A<2A e’ (24)

which we call the trivial bound. For large A\ the trivial bound is larger than the
bounds from our examples. Curiously, the trivial bound shows that there exist
(P(Z%)-improving estimates which decay with A. Therefore a better interpretation of
Jim Wright’s Question 1.3 is the following Question 1.6.

QUESTION 1.6. — For each 1 < p < 2, what is the best exponent 1, so that
”AAfHﬂﬂm(Zﬂ < CbA_ﬂprH@(zﬂ
where the constant C), is independent of A € N and f € (?(Z%)?

We also ask this question for the dyadic version.

QUESTION 1.7. — For each 1 < p < 2, what is the best exponent v, so that
su A ‘ < C/Afup
A<A£2A| | o' o0 (24) P ”f”ep(zd)

where the constant C), is independent of A € N and f € (*(Z)?

Theorem 1.1 addresses Question 1.6 when we are close to p = 2. In particular
it says that in Question 1.6 we may take any 0 < 1, < %(% — 1) for 4 < p < 2.
Comparing (1.1) to (1.6), we see that Theorem 1.1 improves upon the trivial bound.

Recall that the trivial bound was given by a simple convexity estimate (in this case
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¢P-improving for discrete spherical averages 963

applying Young’s inequality); consequently, Theorem 1.1 might be referred to as a
subconverity estimate in the argot of analytic number theorists.
One can also ask for /P-improving estimates for the full discrete spherical maximal
function. For f : Z? — C, let
A f(x) = sup |A\f(x)]
AeN:) is odd
denote the discrete spherical maximal function when d = 4, and

A f(x) = sup [Axf(x))|
AeN

denote the discrete spherical maximal function when d > 5.
QUESTION 1.8. — When are there exponents 1 < p,q < oo so that
(1.7) 1A Fllpa(zay S W fllew (z0)?

When d > 5, there are some obvious ranges for which one may obtain bounds. In
particular, by applying Magyar—Stein-Wainger’s theorem on the discrete spherical
maximal function, see [MSW02, “Theorem”], we have that (1.7) holds for d > 5 and
ﬁ < q < 00 because

[Asfllex S NS lles
for all ¢ > d%‘lQ and the nesting property of /P-spaces implies that

[Afllea S 1 llea <A fller

for 1 < p < ¢g. Moreover this range is sharp; this can be seen by considering the
delta-function example. In four dimensions, the analogous Magyar—Stein—Wainger
estimate is expected to hold.

CONJECTURE 1.9. — Ifp > 2, then
(1.8) [Acf llerzay Sp 1S lev(zs).-

Interestingly we can prove the following ¢P-improving result when d = 4 which
would be a corollary of Conjecture 1 by the nesting properties of /P-spaces.

THEOREM 1.10. — Assume that d =4. If g > 2 and 1 < p < q, then
(1.9) [ A f lleazay Spg 1] llev(za)-

1.2. Comparison to recent works
Our examples show that (1.1) fails for p < ‘%2. So, one might expect that (1.1)
would hold for all %2 < p < 2 which would go beyond Theorem 1.1. Intriguingly,
Kesler-Lacey [KL18] claimed that (1.1) fails for p < %3, Moreover [KL18] removed
the e-loss in (1.1) for %1 < p < 4.

We encourage the reader to read Kesler—Lacey’s interesting work [KL18] which
appeared independently of this paper. Kesler—Lacey also considered 7(Z?)-improving
inequalities for discrete spherical averages. In [KL18] their focus lied upon using ¢#-
improving inequalities to deduce “sparse bounds” for the discrete spherical maximal
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964 Kevin HUGHES

function. The question of sparse bounds is not considered here. However, we prove
(P-improving inequalities for a broader class of averages which are not considered
in [KL18].

As the reader may compare, the ideas in [KL18] (for proving ¢?(Z%)-improving
inequalities for discrete spherical averages) are very similar to those here. Their
methods may appear more complicated due to the use of the Ramanujan bound
from [Bou85, Hugl9]. We point out that the Ramanujan bound first appeared in
Bourgain’s work on restriction of the parabola to the integer lattice to remove an
e-loss there, and the Ramanujan bound was first adapted to the context of spherical
averages in my work on discrete spherical maximal functions over sparse subsequences
of radii; see [Hugl9].

1.3. Overview of the proofs

For many discrete analogues in harmonic analysis not only are the statements of
theorems analogous, but there is also an analogy between their proofs. We take a
moment to describe this since this analogy does not appear to be explained in the
literature.

For many problems in Fourier analysis such as Littman’s theorem, one decomposes
an operator into “low” and “high” frequencies and obtains bounds for these different
pieces. For instance the Littlewood—Paley square function is one way to do this.
There is a similar decomposition for analogous problems with an arithmetic flavor.

For problems over Z¢ instead of R?, all frequencies in the torus (R/Z)¢ are osten-
sibly low frequencies since the torus is compact. Unfortunately, this perspective is
insufficiently nuanced to treat many problems. Instead one should recalibrate to the
following: replace the sobriquets “low frequencies” and “high frequencies” of Fourier
analysis with “major arcs” and “minor arcs” of the circle method respectively.

Recalibrating one’s perspective to the above analogy allows us to import intuitions
and paradigms from continuous Euclidean harmonic analysis to discrete Euclidean
harmonic analysis via the circle method. By way of this analogy one sees that the
circle method is akin to Littlewood—Paley theory. I encourage the reader to review
the proofs of Littman’s theorem before reading the proofs here to see this analogy
in action.

1.4. Organization of the paper

The paper is organized as follows. Section 2 sets some notation used throughout
the paper. Section 3 generalizes Theorem 1 to hypersurfaces defined by nice, positive
definite homogeneous forms with integral coefficients. We prove Theorem 1.1 in Sec-
tion 4 by making use of improved estimates for Kloosterman sums. Section 5 proves
bounds for dyadic discrete k-spherical maximal functions. In Section 6 we prove
Theorem 1.10. Section 7 concludes with a few questions. Finally, in the Appendix
we record the range of P-boundedness of Magyar’s maximal functions (which arise
in Section 3) from [Mag02].

ANNALES HENRI LEBESGUE



¢P-improving for discrete spherical averages 965

2. Notation

We introduce here some notation that will streamline our exposition.

o We write f(A) < g(A) if there exists a constant C' > 0 independent of all A
under consideration (e.g. A in N or in I'g) such that

[FV < Clg(V)].
Furthermore, we will write f(A) 2 g(A) if ¢(A) < f(A) while we will write
) = g(A) if f(A) S g(A) and f(A) Z g(A).

e Subscripts in the above notations will denote parameters, such as the di-
mension d or degree k of a form Q, on which the implicit constants may
depend.

e T? denotes the d-dimensional torus (R/Z)¢ identified with the unit cube
[—1/2,1/2]4.

e x denotes convolution on a group such as Z¢, T¢ or R?. It will be clear from
context as to which group the convolution takes place.

e c(t) will denote the character e 2™ for t € R or T.

e For a function f : Z¢ — C, its Z%Fourier transform will be denoted f(¢) for
£ € T For a function f : R* — C, its R%-Fourier transform will be denoted
f(€) for £ € RY.

e For a function f : RY — C, we define dilation operator D, by D,
F(x) = Fx/1).

e For aring R, we will use the inner product notation b-m for vectors b, m € R?
to mean the sum % | bym;. This is used for the rings R'Z, T and Z/q where
q €.

e We also let 1x denote the indicator function of the set X.

3. (P-improving for Magyar’s theorem

Our method is quite general, so we start by generalizing Theorem 1.2. Throughout
this section Q(x) € Zlxry,xa,...,x4], where x = (x1,22,...,24), will denote an
integral, positive definite, homogeneous form, and k will denote the degree of the
form Q. We assume that k > 2 and a natural number. Let Vgo(C) := {x € C? :
VO(x) = 0} denote the (Birch) singular locus of the form Q. We will say that a
homogeneous, integral form is non-singular if it satisfies Birch’s criterion:

(3.1) d — dime (Vo(C)) > (k — 1)2%.

The notion of dimension “dim¢(Vg(C))” can be taken to be the algebraic dimension
of the complex variety Vo (C).

When (3.1) is satisfied, Birch [Bir62] tells us that there exists a positive constant
Co and an infinite arithmetic progression I'g in N depending on the form Q so that

No(N) = # {n cZ%: Q(n) = )\} > CQ)\%_l >0 forall Xelg.

Following Magyar [Mag02], we will call any such arithmetic progression I'g a set
of reqular values for Q. For each A € N, Ng() is finite because the hypersurface
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966 Kevin HUGHES

{n € R?: Q(n) = \} is defined by a positive definite form which implies that this
hypersurface is compact. Consequently, the averages

AR(x) == No(N)™" > flx—m)

neZ*:Q(n)=X

make sense for all A € I'g and functions f : Z? — C. In this setting, our trivial
bound (1.6) becomes

(3.2)

sup AL /]
ASA<2A

ép’(Zd)
< A—(%—l)(%—l)Hszp(Zd) for 1<p<2 and A>1.

This follows from Young’s inequality and Birch’s estimate for Ng(\). In all of our
dyadic maximal functions we will restrict to A € I'g.

For a non-singular, homogeneous, integral form define the parameters
1 (d — dim(Vg(C)) d — dim Vg(C)

(3.3) Vo= o o2 1) and kg = (k= 1)

Throughout we assume that d > k& > 2 with d sufficiently large with respect to k to
satisfy the Birch-Magyar non-singularity criterion (3.1) so that yo > 0 and kg > 2.
The following result gives an improvement over the trivial bound (3.2) when p is
close to 2.

THEOREM 3.1. — Let Q be a positive definite, non-singular, homogeneous, inte-
gral form in d variables of degree k and I'g a set of regular values for Q. If p := "5,
then for each € > 0 there exists a constant C. o, independent of A > 1 so that

(3.4) < Cgp,eA“%(%’l) (1 + Ailvg@ﬁ)) ||f||£p(Zd)

-
A<KAL2A:NeT o

' (z4)

for all A > 1. Recall that the supremum is restricted so that each X is in I'g.

Note that our assumption that x > 2 implies that x/(k — 1) < 2. Our theorem
implies the following Corollary 3.2 which says that our dyadic maximal functions
satisfy essentially sharp ¢?(Z%) — ¢*'(Z%)-improving estimates for p < 2 with p
sufficiently close to 2.

COROLLARY 3.2. — Let Q be a positive definite, non-singular, homogeneous,
integral form in d variables of degree k and I'g a set of regular values for Q. If
21(%33) < p < 2, then for each € > 0 there exists a constant C. o, independent of
A > 1 so that

sup ’A%f‘
A<)\<2A:>\EFQ

< Cop A EG ||
w(z) o o (z1)
for all A > 1.

Our corollary follows by determining when ]% —1—70 (2 — %) < 0 and noting that
Yo < ko. This is a computation that we leave to the reader.

The heavy lifting in our theorem lies in a decomposition of Magyar for the aver-
Q
ages AY.
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MAGYAR 1 ([Mag07]). — Let Q(x) € Z[x] be a positive definite, non-singular,
integral, homogeneous form, and I'g be a set of regular values for the form Q. For
each \ € I'g the averaging operator A/\Q decomposes into the sum of two convolution
operators, Ay = M + E such that for all A > 1, we have

(3.5)

sup [ E}|
A<A<2A:INET o

So, A7 forall €>0
2(24)—e2(24)

The implicit constant is independent of A > 1. The main term, M/\Q, is the sum of
finitely many convolution operators,

AL/k
Q.,a
ME=3 3 elarg) M3,

¢=1  ae(Z/g)"

where A = 27 satisfies A/2 < A < A. Moreover, M2 satisfies the estimate

(3.6)

sup ’M/\Q’a/q’
AEFQ

< ¢ " forall e> 0.
2(24)—e2(2%)

We remark that M /\Q’a/ 7 is the convolution operator corresponding to the Fourier
multiplier

METHE) = 3 Golagrm)0tag — oo (¢ e ™).

mezd
For m € Z¢
b)+b-
GQ(a,q;m) = q—d Z e <GQ< ) + m)
be(z/q)" 1
is the normalized Weyl sum satisfying the bound
(3.7) |Go(a,g;m)| S g™ forall e>0

uniformly in a € (Z/q)* and m € Z¢. The function ¥ is a C°°(R?) bump function
supported in the cube [—1/4,1/4]¢ and 1 on the cube [—1/8,1/8]¢, and the singular
measure dog is the Gelfand-Leray form defined distributionally by the oscillatory
integral

/Re(t(Q(x) — 1)) dt.

Alternatively, dog(x) = dSg(x)/|VQ(x)| where dSg is the Euclidean surface area
measure on the hypersurface {x € R?: Q(x) = 1} which is compactly supported
since Q is positive definite. See [Mag02] for more information concerning Gelfand—
Leray measures of hypersurfaces. We cite the following bound (see [Mag02, Lemma 6
p. 931]) for the R%Fourier transform of the surface measure:

(3.8) ‘ciavg(f)‘ < (14 €)rTe for each € € R? and for all € > 0.

The estimate (3.5) does not explicitly appear in [Mag02]. Instead it appears for a
slightly different definition of our error term, so we briefly indicate how one obtains
it. Estimate (3.5) is encoded in the proofs of [Mag02, Propositions 3 and 4]. One
key difference in this paper is that our main term M )\Q is a finite sum depending on
A, and so we do not need [Mag02, (2.17), Proposition 4]. Meanwhile the estimates

TOME 3 (2020)
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(2.15) and (2.16) of [Mag02, Proposition 4] are superior to the minor arc estimate
of [Mag02, Proposition 3]. Therefore the minimal exponent which defines 7o comes
from the minor arc estimate.

Magyar’s theorem gives us £2-estimates, but we are interested in 7 — ¢7-estimates.
We will interpolate Magyar’s ¢?-estimates with appropriate ¢! — (*-estimates to
deduce the following Lemmas 3.3 and 3.4 which when added together immediately
yield Theorem 3.1. Our lemma for the main term is the following.

LEMMA 3.3. — Let Q(x) € Z[x| be a positive definite, non-singular, integral,
homogeneous form satistying (3.1), and I'g be a set of regular values for the form
Q. If p := 5 (which is less than 2 by our assumption on k), then
< A2 (3-1) forall A>1.

~

(3.9)

sup | M,
A<SA<2A

épvl(zd)aep’vOO(Zd)

Up to a factor of A° the bound for our main term is the size we expect for our
averages in the range 7 < p < 2. Unfortunately the bound for the error term is
much worse.

LEMMA 3.4. — Let Q(x) € Z[x| be a positive definite, non-singular, integral,
homogeneous form satistying (3.1), and I'g be a set of regular values for the form
Q. If1 < p <2, then for all e > 0,

< A=) (E-1)=re(2-F)+ for all A > 1.

~

(3.10) sup

A<KA<2A:NET g

op (Zd)—m” (Zd)

The proofs of these lemmas are motivated by proofs of Littman’s theorem and
its variants. Proofs of Littman’s theorem often proceed by frequency decomposing
the spherical average into pieces and finding L' — L> and L? — L? estimates with
which to interpolate. In particular, we use a restricted weak-type argument that was
used by Bourgain for the Euclidean spherical maximal function, by Ionescu [Ton04]
for the discrete spherical maximal function and also by Hu-Li for discrete restriction
to the sphere in [HL14]. This is the same strategy that we follow in our proofs of
these lemmas. In the next Subsections 3.2 and 3.1, we will deduce our lemmas.

3.1. Proof of Lemma 3.3

Let K f\L/ 7 denote the kernel (with domain Z?) associated to the convolution operator
M2 We start our proof by establishing an identity for these kernels.

PROPOSITION 3.5. — Let Q(x) € Z[x] be a positive definite, non-singular, inte-
gral, homogeneous form satistying (3.1), and I'g be a set of regular values for the
form Q. If 1 < a < q < oo with (a,q) =1, then

(3.11)  KY'(x) = e(aQ(x)/q) )\_d/kD(;:;\IJ * dog (A_l/kx> for x e 7"
Proof. — Fix a form Q satisfying the hypotheses of the proposition. We drop the

dependence on Q in our notation in order to simplify it.
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By Fourier inversion, our kernel is

K3/(x)

— Tde(—x-f) Z G(a,q;m)\l}(qg_m)&; (Al/k [5_1:11]> de

- a,q;m e(—x - —m)do [ \V/F ~m
¥ Glos ) [ e (=x€) wlgg — m)d ()\ [g qD 2

= Gleab) 2 /qrde(_x‘f)‘I’(QS—qn—mgl} (Al/k [f_n— ZD dg
be(Z/q)? nezd

= 3 Gloab) [ e(-x et~ b)do (Al/k [g_';’b .
be(Z/q)

The second equality follows since there is only a single term in the sum for each
¢ while the third follows from writing every m € Z? as ¢qn + b for some n € Z¢
and a representative b € {0,1,...,q — 1}¢ which we identify with (Z/q)?. Using the
well-known translation, modulation and dilation symmetries of the (inverse) Fourier
transform, we have

Kx) = 3 Gla.gib) [ e(—x-§) Dy 0 (5 - ‘;‘) Dy v do (s - ‘;‘)

be(z/a)¢
b . —_——
= Y Gla,gb)e (—X> Dy ¥ do (A% ) |
be(2/q)¢ q

Identity (3.11) immediately follows since

S G(a.g;b)e (‘bq' X) S (“Q(X)> .

be(Z/q)" q

We leave this calculation to the reader since its just the inverse (Z/q)%Fourier
transform of the Gauss sum, and the Gauss sum is the (Z/q)%-Fourier transform of
the function e (QT(X)) O

Now that we know the structure of our kernel we will use a Littlewood—Paley
decomposition and a circle method decomposition to arbitrage ¢! — ¢> and ¢? — (2
estimates to deduce Lemma 3.3. In particular, the following Lemma 3.6 is motivated
by the decompositions in [Ion04] when k = 2 and [Hugl7] when £ > 3. With this in
mind, we introduce a low-high frequency decomposition in the analytic aspect.

For A € (0,1), define the low frequency piece by the Fourier multiplier

— o~

M/ (6) = W(2gANF[E — m/q]) M (€).
The high frequency piece is defined as
M;\l/q,high - M/t\z/q _ M;L/q,low'

By the Fourier localization of M f\z/ ? we have the restriction that A > A~1/k,
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LEMMA 3.6. — Suppose that A € (0,1). Let Q(x) € Z[x] be a positive definite,
non-singular, integral, homogeneous form satisfying (3.1), and I'g be a set of regular
values for the form Q. If 1 < a < q < AY* with (a,q) = 1, then each major arc
piece M2 = )Nfe/eQlow 4 Nra/a,Qhigh Jocomposes into a low frequency and high
frequency piece such that

(3.12) sup ‘M;/q,low < (qA)_lA_%
AA<2A gl(Zd)_woo(Zd)

and

(3.13) sup ‘Mf/q’high’ <, Aeq—gAH_g‘
ASA<2A ﬁ(zd)ﬁp(zd)

Proof. — The *> — (*-estimate is proved using Bourgain’s L2-estimates from
[Bou85| as in [Ton04, Hug17]. We only sketch the proof of the ¢* — (*-estimate.

When Q(x) := Y%, |z;|%, then we have the following known bound for the
continuous spherical measure

(3.14) D, U dog(x) <qt (1 + |x/t]) "2

See for instance [lon04, p. 1415] where (3.14) is used to bound the discrete spherical
maximal function, or [Gra08, (5.5.12)] for its derivation. The estimate (3.14) also
holds for our varieties {x € R? : Q(x) = 1} since the proof only relies on the
dimensionality of the measure dog. To be precise all we require is that

(3.15) do(B,) < min {1, rd_l} for all balls of radius r > 0 in R%

This implies that for each x € Z? we have

sup ‘M;/qf(x)‘ <4 |f| * [ sup (qA)_l)\—% (1 n |>\_1/k ‘ D—Qd] (X)

A<SA2A:NeT' g AA2A:INeT o

Salfl = (@) A E (14 A )

—2d

_q4_d -~
Sa 1l | @A) TATE (141474 ) )

2 (2)
1,4

Sa (@A) ATE | flle ey

U

Remark 3.7. — Estimates (3.8) and (3.15) and a Euclidean version of the low—
high decomposition suffice to prove Euclidean versions of Theorem 3.1 generalizing
Littman’s theorem.

We now return to the proof of Lemma 3.3. Fix A > 1. Let X be a fixed, finite subset
of Z¢. Our first observation is that estimate (3.12) implies that for A < X < 2A.

(3.16) sup |Malx(x)| < A |X| forall x e Z?
A<A<2A

by taking A =~ A~'/F and summing over the moduli 1 < ¢ < AY*. The implicit
bound is independent of the set X. Consequently we are reduced to proving
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(3.17) erzd; sup |MA1X(X)|>T}

A<A<2A

< ATFHHR X for 0 < T < ATX)

> T/SH

+ {X €z sup | M f(x)

A<A<2A q<Q

Since

HX cZ: sup |Myf(x)| > TH

A<A<2A

<

> MPf(x)

q<Q

{xEZd: sup

A<A<2A

> T/B}

Y

+ {XEZd: sup | Y Mjf(x)

A<SA<2A >Q

> T/3}

the inequalities of Lemma 3.6 combine to imply that

(3.18)

{x €78 sup |Maf(x)| > T}‘ S A [QarE 4 @] T x|
A<A<2A

provided that we choose @ and A such that QATTA=¥*|X| < T.

The inequality (3.18) shows that we want to choose QY/2A""2 = Q** which is
A =~ Q7 !; we now make this assumption. Our restriction then takes the form
Q*A~%*|X| < T which is consistent with our reduction (3.17). Choosing Q?
~ AY*FT|X|7, we deduce that

Hx €78 sup |Mif(x)|> TH < A [AT|X T 2 x|
A<KA<2A

:Sej\égffl+ejﬂ—n’)(|n—l
for all 0 < T < 1 as desired.

3.2. Proof of Lemma 3.4

The proof of Lemma 3.4 follows by interpolating the error term estimate (3.5) in
Magyar’s theorem with estimate (3.19) below.

PROPOSITION 3.8. — We have the following ¢* — (*-improving estimate for the
error term:
_d
(319) w B SN flag
ASA<2A:AETg

2 (24)

Proof. — Since E, = Ay — M,, the trivial bound (3.2) for the dyadic maximal
function and our bound (3.16) for the main term imply (3.19). O
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4. The discrete spherical averages

In this section we refine our main term analysis from Section 3 in order to prove
Theorem 1.1. We now recall a decomposition of Magyar which, for the discrete
spherical averages, improves upon the error term bound (3.5) in Magyar 1.

MAGYAR 2 ([Mag07]). — Suppose that Q(x) = x? + --- + 22 for d > 4. For
each A\ € N (with )\ assumed to be odd when d = 4) and all £ € T? we have
AR = M2 + EQ for A € N such that

(4.1) S AT forall e>0.

HEAHLOO(W) e

The main term M2 decomposes into a sum of pieces M2 = ZAW ng where A
is the smallest dyadic integer (that is of the form 27 for some j € N) such that
A <\ < 2A and M2 has Fourier multiplier

= Y Kl(g,\m)¥ <2q\/X[€ = m/q]) do (\/X[f - m/q]) :

Fach piece of the main term satisfies the following “Weil bound”:

(4.2) |23 )Neq_<d§1)+€(q,)\)l/2 for all € > 0.

Lee ’JI‘d

In (4.2) and below (a,b) represents the greatest common divisor of two integers
a,b, and Kl(g, \; m) is the Kloosterman/Salie sum defined as

a€(Z/q)* q (Z/g)" q

for ¢ € Nand m € Z%. For the estimate (4.1), see in [Mag07, (1.9) of Lemma 1]. When
comparing, note that we have normalized our surface measure to be a probability
measure. The estimate (4.2) follows from the famous Weil bounds for Kloosterman
sums:

Kl(g, \;m) <. q_(%)“(q, MY2 for each m € Z? and for all € > 0.

Also note that MY = 3,7/ MY
Our strategy is the same as before; we need to prove bounds for the main term
and the error term. We first improve our bounds for the main term.

LEMMA 4.1. — For Q(x) := >0 27, d > 4 and p = 41,

(4.3) ||MA||zp,1(Zd)%gp',oo(Zd> <. )\6_5(5_1) for all € > 0.

Subsequently, we improve our bound for the error term.

LEMMA 4.2. — When Q(x) :=%% 2?2, d>4and 1 <p< 2.

=1 %7
(4.4) 1B\l ) s () Se A sG-0+G-)-(F)ED)+ foran e>o.

A simple computation reveals that (% —1) — ()2 - %) < 0 for p > 4.

Theorem 1.1 follows immediately from combining Lemmas 4.1 and 4.2.
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4.1. Proof of Lemma 4.1
We use the low-high decomposition of Section 3. First we have

< QT )\

> M

Q<gSAY/?

02 (Zd)%? (Zd)

because summing over (g, A\)'/? only contributes a factor of A\ on average. Fourier
transform estimates for the spherical measure and the Weil bound for Kloosterman
sums (4.2) implies the following bound on the high frequency pieces

q,high
HMA

_d-1 d-1 . a4
)y S 0T @ NP @A) T = g (0 0)PAT

Finally the low frequency bound is the same as before:

TN

HMg/q’lOW 01 (2) 00 (2)

The proof now proceeds by the restricted weak-type argument of Section 3. We
will be brief in our description of this. Let X be a fixed subset of Z%. By the same
reduction as in the proof of Lemma 3.3, we seek to prove

d(d—3) d+1

{IMylx(x)] > TH S A7 T 5 (X7 for 0<T S A75X],

Combining the above estimates for low pieces M¥'*" and high pieces ME"&" implies
that

{x ez’ Myf(x) > T} S X ([QA‘ZT + Q3—d) T2/

provided that we choose @ and A such that QA™IA"%42|X| < T. We choose A = Q~*
so that Q?A~%2|X| = T. Plugging this in we ascertain that

{xez': Myf(x) > T} <o x N2TIX|Y] 721X

= AT R X

for all 0 < T < 1 as desired.

4.2. Proof of Lemma 4.2

We have Magyar’s Kloosterman bound (4.1) which says that we may take
Yo = 43 for Q(x) := 2%, |;|? with d > 4. Interpolating with the ¢'(Z%) — (>(Z%)-
bound (3.19), we obtain the Lemma 4.2.
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5. The dyadic discrete k-spherical maximal functions

Let Q(x) := X%, |z]® for integers k > 2, and T'g a set of regular values for Q.
(For these forms, I'g contains all sufficiently large natural numbers when d > k?.)
For degrees k > 3, define the dimensions

kj — min(27 + 2, j2 +j)}

2< <k —1

dp = k?> — max —
j—J+1

and the exponents

d 1
Daj = max{d_k,l—i— 2%”{} for k>3 and d>d;
where 74 is defined as
i . (d—dp)(K* + k — dy)~? if d, <d<k®>+k,
Tk 1+(d—k2—k:)<max{21k (K —k)7'}) ifd> K +k,
When £k = 2, define dy :=4, 42 :=1—F and Pd2 = di These bounds relied on

the works [BDG16, Boul7, BR15, W0012]
For k-spheres we may generalize Theorem 1.2 to the following Theorem 5.1.

THEOREM 5.1. — For k > 2, d > dj, and p > pay,

< A (G,
EP(Zd)eEP' (Zd)

(5.1) sup |A,]

A<SA<2A

In the proof of this Theorem 5.1 we will see that we may easily deduce the restricted
weak-type bound claimed in Theorem 1.2. As before we will break into two lemmas
which handle the main term and error term respectively, and from which Theorem 5.1
follows immediately.

LEMMA 5.2. — Fork >2,d > 2k+1 and p := %,

(5.2) sup | M,|

A<A2A

(o1 (24)—r' o0 (2)
LEMMA 5.3. — For k > 2, d > dj, and p > pq,

< A LG G a2
tr(z4)—er' (z4)

(5.3) sup |FE,|

A<A<2A

When k = 2 one may remove the e-loss.

5.1. Proof of Lemma 5.2

We first handle the main term which relies on Steckin’s estimate (see [Hugl7)):

(5.4) Gola,qg;m) Sy g~ ¥*
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where the bound is uniform in a coprime to ¢ and m € Z¢ and Bruna Nagel-
Wainger’s estimates (see [BNW88]) imply that

ldoo(&)] S (1+¢))

The effect of the following is that we may replace kg in Section 3 with d/k. An
essential point below is that we have no e-loss; that is, no extraneous factors of A€
like before.

We first sharpen the bound for our main term. As shown in [MSW02] and [Hugl7],
the Gauss bound for Gauss sums and Steckin’s estimate (5.4) implies that

_d-1
k .

sup ‘Mf/qf’
A<A<2A:NeT o

24(z) < quHf”p(Zd)'

Consequently,

> My

Q<q<AY/2 ae(Z/q)*

sup
ASA<2A:AET g

S Q7 F | fll -

2(z4)
Using the low-high decomposition of Section 3, we have still have (3.12) for the

low-frequency piece and for the high-frequency piece we now have

< gV (gA) T E = ¢ () A3

sup ‘M:\l/q’high‘
2(24)—2(24)

A<SA<2A

Running the restricted weak-type argument as before we conclude the Lemma 5.2.

5.2. Proof of Lemma 5.3
We now handle the error term. From [MSW02] and [ACHK18], we have that

(5.5) sup |E)f]

A<SA<2A

Se ATV flle2

2
where one may remove the € in (5.5) when k = 2. Interpolating with the ¢*(Z%)-bound
from Section 3 (see the proof of Lemma 3.4), we obtain the Lemma 5.3.

6. The discrete spherical maximal function in four
dimensions

In this section let Q(x) := x2+x3+x2+22. We have the following ¢7(Z¢)-improving
estimates for Magyar’s discrete dyadic spherical maximal functions.

THEOREM 6.1. — Ifd = 4, then for each ¢ > 2 and 1 < p < q there exists 6, , > 0
such that

(6.1) sup |A,f]|

ASA<A

< A_é"’q||f||gp(zd)-

04 (Zd)

We assume that the )\ in the supremum are restricted to be odd.
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Theorem 1.10 follows from summing up Theorem 6.1 over A = 27 for integers
J=0.
Proof of Theorem 6.1. — Our trivial bound (1.6) says that

sup  [Ayf]

A<S<A<2A

S AT fllerza-
)

We need one additional ingredient which is from the author’s thesis.

THEOREM 6.2 ([Hugl2]). — For all A > 0, we have

< (log A)?|| fllez(zay-
2(z4)

sup | Axf]|

A<SA<2A

The implicit constant is independent of A.

Interpolating our trivial bound and Theorem 6.2 we obtain that

<A G (log AV||fllezsy for 1<p<2
7' (Z4)

(6.2) sup |A,f]

AA<A

The nesting property of ¢P-spaces implies that

(2_
<A (q’ 1) (log A)szH@p(Zz;) forall ¢>2 and 1<p<{
4 (z4)

sup Ay f]|

ASA<2A

which implies Theorem 6.1 in this range. Interpolating (6.2) with the trivial £>°-bound

< | fllese 22y,
(o0 (24)

sup Ay f]
AA<2A

we obtain for each ¢ > 2 that

S [A*(%*l)(logA)z]q//THngr(Zz;) forall r>¢ and s=—.

sup |Ayf|
05(Z4) rq

A<SA<2A

Consequently, (6.1) holds for all ¢ > 2 and p < q.

7. Further questions

Let X be a finite subset of Z¢ and uyx := |X| '1x be its normalized probability
measure. By Young’s inequality, we have

(7.1) 1 # bl (o) S X720 oz,

For instance if X = X, is taken to be the integer points of a large ball {x € Z% :
|x| < r} for r > 0, then

1S * MX”EP'(Zd) S 70d<1_%>||f”zp(zd)

since #{x € Z¢ : |x| < r} = r? for all large r > 0. Moreover testing against
Example 1.5 (big ball example) we see that this bound is sharp (aside possibly from
the implicit constants). Therefore (7.1) is in general sharp for all 1 < p < 2, and
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another way to interpret Theorem 1.1 is that the discrete sphere smooths almost as
well as the discrete ball which contains the same number of points as the sphere in
the range § d“ < p < 2. This begs with a few questions.

QUESTION 7.1 (Michael Fryers). — For a random subset X what is the best
constant in the inequality (7.1)7

QUESTION 7.2 (Michael Fryers). — Is (7.1) still true if we take X to be a pertur-
bation of the discrete spherical measures oy ?

QUESTION 7.3. — What are the extremizers satisfying (7.1) for all 1 < p < 27
Do they resemble the ball?

Appendix A. (?(Z%)-boundedness for Magyar’s theorem

[Mag02, Theorem 4] is only stated for ¢2(Z?). Since it has come up in conversation
on multiple occasions, we record the range of £7(Z¢)-boundedness to which Magyar’s
theorem extends and briefly indicate how. Standard density arguments extend the
range of Magyar’s pointwise ergodic theorem ([Mag02, Theorem 3|) to the same
range of LP-spaces as (?(Z%)-spaces below.

In this appendix assume that Q(x) € Z[x] is a non-singular, integral, homogeneous
form with a set of regular values I'g satisfying (3.1), define the maximal function
for functions f : Z¢ — C by

A f(x) = AsEqu |Ayf(x)| for each x € Z%.
Q

MAGYAR 3. — The maximal function A, is bounded on (P(Z%) for p >
max{n 1 ézﬁ)} where k = kg and v = g are defined by (3.3).

As in Section 3, we have A, = M, + E). This implies that for each function
f:7Z*— C and each x € Z¢

(Z > |Mep(x ])+E*f(><)

q=1ac(Z/q)*

where

M/ f(x) = sup [My/*f(x)|

Ael'g
and

E.f(x) := sup |[Exf(x)].

Ael'g

Our strategy is then to give sufficiently decaying /P-bounds on My /9 to sum over a
and ¢ and to prove P-boundedness of F, through its dyadic counterparts.

LEMMA A.1. — If Q(x) € Z[x]| is a non-singular, integral, homogeneous form
satisfying (3.1), then for 1 < p < 2 we have the bound
a/q <r(2-3)
(A.1) HM* ()00 () ~° q for each € > 0.
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Summing over a and ¢ immediately yields the following corollary. We see that we
only need 2 — k(2 — %) < 0 which is when p > .

COROLLARY A.2. — Let Q(x) € Z[x] be a non-singular, integral, homogeneous
form satistying (3.1), and I'g be a set of regular values for the form Q. If "+ < p < 2,
then

(A.2)

o (V| oo (e

Ael'g
Our lemma for the error term is the following Lemma A.3 .

LEMMA A.3. — Let Q(x) € Z[x] be a non-singular, integral, homogeneous form
satisfying (3.1), and I'g be a set of regular values for the form Q. If 1 < p < 2, then
for all e > 0,

2

(A3) < A(;—l)—m(2—%)+€||f||€p(zd) for all A >1.

~E

sup B\ f| H
A<A<2A:AeTo

()

Summing (A.3) over A = 27 for integers j > 0 immediately yields the following
corollary.

COROLLARY A.4. — The error term maximal function E, is bounded on P(Z%)
2(v+1) 1
fbr]):> 21+& =1 +'§;;T.

A.1. Proof of Lemma A.1

We use the Magyar—Stein—Wainger approach of [MSWO02]. For this we will need
the following estimate for analogous Euclidean maximal functions.

PROPOSITION A.5. — If Q(x) € Z[x] is a non-singular, integral, homogeneous
form satisfying (3.1), then the maximal function sup,. |F * dog|, defined a priori
for smooth compactly supported functions F : R — C, is bounded on LP(R%) for

p> 1+ (26 —2)71 = 2=l

Proof. — The proposition follows from Magyar’s estimate (3.8) by applying
[RAF86, Theorem A] since k > 2. O

We resume the proof of Lemma A.1. By (3.11) of Proposition 3.5 we have that

'

<1
0 (Z4)—01 (zd) ™

The Magyar—Stein—Wainger transference principle ([MSWO02, Proposition 2.1]) and
the estimate (3.7) imply that

H a/q
*

< qe—l-@.
2(z4)—e2(z4) ~

Interpolation handles the remaining 1 < p < 2.
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A.2. Proof of Lemma A.3

The ¢* — (*-estimate is (3.5). Interpolation with the ¢* — (!-estimate

sup [E,f|
AA<2A

61(Zd) S AHfHEl(Zd>

concludes the Lemma A.3.
To prove this ¢! — ¢*-estimate we note that the union bound implies that

sup Ay f]|

A<A<2A

oz S Az

since each average is a contraction on ¢!. Meanwhile, Proposition 3.5 implies that

(A.4)

Since k >

sup | M,| <, Ak
ASA<2A 0 (Z4)—e1 (24)
2, we have that
swp Bfl| = s [l S A
ASA<2A 0 (z4) ASA<2A 0 (z4)
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