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Historical structures are inherently prone to degradation, necessitating structural healthmonitoring for
their preservation. This study proposes an inverse analysis methodology to determine structural
dynamic properties, offering insights into fundamental behavior. The algorithm integrates Newmark’s
time-stepping method with the Gauss-Newton scheme for improved accuracy. Its effectiveness is
demonstrated using four seismic datasets from distant earthquakes. A Historic Masonry Pagoda in
Chiang Mai, Thailand, was monitored via segmental low-amplitude earthquake data. Two
3-directional vibration sensors at the top and base recorded responses during seismic events. Given
the low amplitude, each 120-s event was divided into twelve segments for enhanced analysis. The
results show that segmenting seismic waves increases output data, reducing uncertainties through
probabilistic techniques. As the pagoda’s structural properties remain partially unknown, the derived
dynamic properties establish a baseline for future assessments of deterioration.

Earthquakes have the potential to inflict extensive damage upon cities. In
light of the inevitability of seismic events, considerable resources have
been allocated to the development of robust preparedness strategies1,2.
Buildings of heightened significance are categorized based on the
potential loss consequences, with historical structures particularly vul-
nerable due to outdated construction techniques lacking seismic con-
siderations. Moreover, these buildings hold significant cultural value.
Consequently, they are identified, classified as highly critical, and
urgently necessitate seismic reinforcement3.

TheNorthern regionofThailand iswell-known for its numerous active
fault lines. A significant event occurred on May 5, 2014, when a 6.3-mag-
nitude earthquake struck Chiang Rai Province, causing widespread struc-
tural damage4. Due to the abundance of historical buildings in Northern
Thailand, the need for immediate seismic strengtheningmeasures is critical.
To support this effort, understanding the dynamic properties of structures
—such as damping ratio and fundamental period of vibration—is essential.
Previous studies have indicated that ground motion, influenced by various

parameters and resonance effects, may have contributed to the structural
damage observed during earthquakes. Mase et al. 5 examined ground
motion parameters and conducted site assessments in Northern Thailand
following the Tarlay Earthquake. Their analysis focused on ground motion
data recorded at theMae Sai Station (MSAA), the nearest seismic station to
the earthquake rupture6.

Seismic phenomena in earthquakes inherently possess stochastic
characteristics7, a critical consideration in earthquake-resistant design. This
significance is particularly evident in the dynamic aseismic design of high-
rise buildings, large structures, and similar constructions8,9. Various pro-
cedures exist for designing criteria to withstand earthquakes, utilizing
established methods for integrating strong ground motion records into the
seismic design framework of structures. Recognizing that time history sig-
nals recorded at a site constitute a random process that is practically
impossible to replicate, substantial efforts have beenmade in recent years to
process actual records to make them “representative” of future input his-
tories for existing and planned construction in earthquake-prone regions.
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This is due to the uncertainties and challenges associated with selecting
earthquake records for safe design10.

Modal analysis of fully three-dimensional finite element models has
proven effective in determining dynamic properties. However, this
approach is limited to buildings with available as-built drawings, making it
impractical for historical structures that lack such data. In the absence of
detailed information on long-standing historical buildings, modal analysis
must rely on uncertain assumptions, which can lead to unrealistic results. A
widely used alternative technique is the ambient vibration test, as demon-
strated on the masonry roof of the Basilica of the Fourteen Holy Helpers in
Bavaria, southern Germany11, and on the Jura Chapel, in Jerez de la Fron-
tera, Spain12. Operational modal analysis using this method identifies
dynamic structural parameters, allowing for adjustments to numerical
models to more accurately represent actual structural behavior. This
approach was exemplified in the assessment of the Chapel of theWürzburg
Residence in Germany13, where modal displacements and natural fre-
quencies were used to enhance the accuracy of the finite element model.
Ambient vibration tests have also been conducted in Lebanon and
Turkey14,15, providing global vibration properties. However, the technique is
limited in identifying local characteristics due to the low intensity of the
vibration signal. Another common approach for estimating dynamic
properties is inverse analysis, which relies on precise measurements of
structural deformation during vibration, followed bymathematical analysis
in reverse16,17. Thismethodhas beenemployed to assess a historical bridge in
the Czech Republic18. However, these studies have not accounted for
uncertainties arising from the randomness of earthquake vibration
characteristics.

This study applies the inverse analysis method to determine the
dynamic properties of a pagoda in Chiang Mai Province, Northern Thai-
land. Two vibration sensors, placed at the top and base of the pagoda,
monitor its response during earthquake events. The resulting seismic
vibrations provide robust signals for analysis. By comparing the measured
groundand topaccelerationswithnumerical results, the dynamicproperties
of the pagoda—specifically, the damping ratio and natural frequency—are
iteratively calculated. The Gauss-Newton iteration is used to minimize the
discrepancy between themeasured and calculated accelerations at each time
step. To solve the equation of motion, Newmark’s average acceleration
method is employed.

Owing to the long return period of earthquakes, the available input
motions are notably limited. Distant earthquakes characterized by low
signal arrivals are typically acknowledged, necessitating noise filtering. To
extract more comprehensive information from individual signals, the
vibration duration is subdivided into multiple 10-s intervals. This proce-
dural refinement serves to address the inherent uncertainties in the analysis
by integrating probabilistic techniques19. The paper likely delves into the
importance of incorporating probabilistic assessments for a better under-
standing of dynamic properties and inverse analysis, providing valuable

insights applicable to structural health monitoring and seismic damage
prevention of vulnerable historical buildings.

In this paper, “Methods” presents the measurement details, mathe-
matical formulation, and methods used in the analysis. The procedure for
this present work is briefly explained in Fig. 1. First, the acceleration time
history of a pagoda was measured for 4 earthquakes in both NS and EW
directions. Each time history was divided into 12 segments, resulting in a
total of 96 records. The inverse analysiswas employed toobtain thedynamic
parameters (ζ and f) from each record, followed by a statistical analysis to
determine the probability distribution,mean (μ), and variance (s²) of ζ and f.
Subsequently, simulated values were derived using Newmark time inte-
gration, where dynamic parameters ζ and f are set to μ – 2 s, μ, and μ+ 2 s.
These simulated valueswere then comparedwith themeasured acceleration
time history. The results are provided in “Results”, followed by an in-depth
discussion in “Discussion”.

Methods
Mathematical formulations
The mathematical formulation of a system with a single degree of freedom
under the ground excitation is presented in Eq. (1):

m€uþ c _uþ ku ¼ �mag ð1Þ

where u, u̇, and ü denote the relative lateral displacement, velocity, and
acceleration of the structural mass, respectively.m represents the structural
mass, while c and k stand for the damping coefficient and stiffness,
respectively. Ground acceleration is indicated by ag.

The stiffness (k) anddamping coefficient (c) in Eq. (1) can be expressed
in term of the structural mass, natural angular frequency (ω), and damping
ratio (ζ) as:

k ¼ mω2 ð2Þ

c ¼ 2mωζ ð3Þ

Substituting parameters k and c from Eqs. (2) and (3) into Eq. (1), and
dividing the equation by the structural massm, yields:

€uþ 2ωζ _uþ ω2u ¼ �ag ð4Þ

Generally, for a newly constructed building or one with measurable
structural properties, the dynamic properties (ω and ζ) are given. In such
cases, the structural motions (u, u̇, ü) can be obtained under an induced
ground motion ag. However, for an investigation of an existing building,
motions of structure and ground motion are time-domain measurements
by sensors, and the dynamic properties are unknown parameters. This is
especially true for historic buildings, where the central structural elements

Fig. 1 | Workflow of the proposed inverse analysis
method. The diagram illustrates the overall meth-
odology: Acceleration time histories from four
seismic events (in NS and EW directions) are seg-
mented into twelve parts, resulting in 96 data seg-
ments. An inverse analysis is performed for each
segment to obtain the damping ratio (ζ) and natural
frequency (f). The distributions of ζ and f are then
analyzed statistically to obtain their means (μ) and
variances (s2). Finally, a comparison between mea-
sured and simulated acceleration time histories is
performed by applying combinations of μ ± 2 s.
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maybe uncertain, and anydestructive investigations to determine structural
properties are prohibited. In these cases, themeasuredmotions are used for
comparison with the backward-calculated motions in each time step per-
formed in the inverse analysis by iteratively identifying the dynamic para-
meters, ζ and ω. The formulation of the inverse analysis is explained next.

To perform the inverse analysis, the equation of motion expressed in
Eq. (4) is simplified as

€uþ b1 _uþ b2u ¼ �ag ð5Þ

where b1 = 2ωζ and b2 =ω2. Solving the differential equation, the numerical
time-stepping techniques are widely applied. In this study, the Newmark’s
time stepping scheme with average acceleration was adopted. The details of
applying the numerical methods are explained in general dynamic
textbooks20,21. As seen in Fig. 2, to determine the structural motion via the
Newmark’s time stepping scheme, possible ω and ζ values were first
estimated, and then the parameters b1 and b2 were obtained.With the input
ground motion ag, the structural motions (u, u̇, ü) are numerically
determined. However, the computed structural motions are not the correct
ones compared with the measured values, as long as the parameters b1 and
b2 are not correct. Hence, the process to adjust the parameters b1 and b2 is
required, namely Gauss-Newton Method22, which is one of the most
efficient algorithm as described in23. First, for each time step ti, incremental
adjustments of b1 and b2 are introduced as

bðkþ1Þ
1 ¼ bðkÞ1 þ Δbðkþ1Þ

1 ð6Þ

bðkþ1Þ
2 ¼ bðkÞ2 þ Δbðkþ1Þ

2 ð7Þ
where the super-scriptk is thenumber of adjustment iteration for each time-
stepping, b1

(k+ 1), b1
(k) and b2

(k+ 1), b2
(k) are the updated parameters (iteration

k+ 1) and the previous parameters (iteration k), respectively. The variables
Δb1

(k + 1) and Δb2
(k + 1) are incremental adjustment of the parameters

(iteration k+ 1). Next, the difference between the computed acceleration
using Eq. (5) based on the updated parameters and the measured
acceleration of all time steps (n) are presented in terms of the Sum-
Square-Error SSE (k+ 1), as shown in Eq. (8).

SSEðkþ1Þ ¼
Xn
i¼1

€u b1
ðkþ1Þ; b2

ðkþ1Þ; ti
� �� aðtiÞ

� �2 ð8Þ

where ü (b1
(k+1), b2

(k+1), ti) and a (ti) are the computed acceleration based on
the updated parameters and the measured acceleration at time step ti,
respectively. Σn

i¼1 represents the summation of the square errors from time
step 1 to the end at time step n.

Mathematical expressionminimizing the SSE(k+1) with respected to the
incremental adjustments Δb1 and Δb2 is expressed as:

∂ðSSEðkþ1ÞÞ
∂Δbðkþ1Þ

1

¼ 0 and
∂ðSSEðkþ1ÞÞ
∂Δbðkþ1Þ

2

¼ 0 ð9Þ

To differentiate Eq. (9), the SSE (k + 1) is rewritten in the form of
incremental adjustments by introducing the linear approximation of the
computed acceleration as

€u b1
kþ1ð Þ; b2

kþ1ð Þ; ti
� � ¼ €u b1

kð Þ; b2
kð Þ; ti

� �þ Δb1
ðkþ1Þ ∂€u b1

ðkÞ; b2
ðkÞ; ti

� �
∂b1

 !

þΔb2
ðkþ1Þ ∂€u b1

ðkÞ; b2
ðkÞ; ti

� �
∂b2

 !

ð10Þ

Fig. 2 | Gauss-Newton iterative procedure for
updating the dynamic parameters. This flowchart
presents the Gauss-Newton method used to update
the parameters b1 and b2. Initial values are set, and
response accelerations are computed based on
measured ground acceleration and relative accel-
eration. The derivatives of acceleration with respect
to each parameter are calculated. The algorithm
iteratively updates the parameters until convergence
is achieved, defined as the sum of squared para-
meters change being less than 10-4. Each time
interval and iteration step are shown in sequence.
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where ü (b1
(k), b2

(k), ti) is the computed acceleration based on the parameters
at previous iteration k (i.e., b1

(k) and b2
(k)), at time step ti. For clarity, the term

ü (b1
(k), b2

(k), ti) is shorten to €ui. Then, substituting Eq. (10) into Eq. (9) yields
the Gauss-Newton equation as shown in Eq. (11), for determining the
incremental adjustments Δb1

(k+ 1) and Δb2
(k + 1).

Pn
i¼1

∂€ui
∂b1

� �2 Pn
i¼1

∂€ui
∂b1

� ∂€ui∂b2

� �
Pn
i¼1

∂€ui
∂b1

� ∂€ui∂b2

� � Pn
i¼1

∂€ui
∂b1

� �2
2
664

3
775 Δb1

ðkþ1Þ

Δb2
ðkþ1Þ

( )
¼

Pn
i¼1

∂€ui
∂b1

� ai � €ui
� �

Pn
i¼1

∂€ui
∂b2

� ai � €ui
� �

8>><
>>:

9>>=
>>;
ð11Þ

To solve Eq. (11) for the incremental adjustmentsΔb1
(k+1) andΔb2

(k+1),
the elements in the first matrix term of the equation are determined by
taking the partial derivative of Eq. (5) with respect to parameters b1 and b2,
resulting two second-order linear ordinary differential equations, as shown
in Eqs. (12) and (13). It is noted that the change of ground acceleration is
independent of the change of the dynamic parameters, hence, ∂agi/∂b1 and
∂agi/∂b2 are zero. Equations (12) and (13) resemble the equation of motion
in Eq. (5), and the Newmark’s time stepping scheme was adopted again to
determine the terms ∂üi/∂b1 and ∂üi/∂b2.

∂€ui
∂b1

þ b1
∂ _ui
∂b1

þ b2
∂ui
∂b1

¼ � _ui ð12Þ

∂€ui
∂b2

þ b1
∂ _ui
∂b2

þ b2
∂ui
∂b2

¼ �ui ð13Þ

The obtained incremental adjustmentsΔb1
(k+1) andΔb2

(k+1) were then
used for updating the dynamic parameters b1 and b2 as shown in Eqs. (6)
and (7), then used for solving for the structural motions and errors in
Eqs. (5), (6) and (7), respectively. The process iterates for calculation of the
incremental adjustments until it meets a certain tolerance level as shown in
Eq. (14), resulting in the converged dynamic parameters b1 and b2. These
parameters were then used for determining the angular natural frequency
(ω) or natural frequency (f), and damping ratio (ζ) through Eqs. (15) and
(16). The calculation process is shown in Fig. 2.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δb1
� �2 þ Δb2

� �2q
≤ 10�4 ð14Þ

ζ ¼ b1
2
ffiffiffiffiffi
b2

p ð15Þ

ω ¼
ffiffiffiffiffi
b2

p
or f ¼ ω

2π
¼

ffiffiffiffiffi
b2

p
2π

ð16Þ

Tomake clearer and more concise, the pseudocode of inverse analysis
procedure (Fig. 2) is represented by Table 1.

Measurements of the Pagoda
The pagoda, located within Umong Temple (as shown in Fig. 3), is situated
west of Chiang Mai City in Northern Thailand, at coordinates 18.78317°N,
98.95133°E. This study involves conducting vibrationmeasurements on the
structure. Built in 1297 by King Mengrai, the pagoda features a circular
cross-sectional design, with a base diameter of 16.48m that tapers towards
the apex. The total height from the base to the topmost point is 25.72m, and
it is divided into threesections: (1) base, (2) body, and (3) crown.Thepagoda
is constructed of unreinforced brick masonry with an estimated volume of
1655m³. With a brick density of ~1800 kg/m³, its mechanical properties
include a Young’s modulus of around 1000MPa and a Poisson’s ratio
of 0.1524.

Based on previous studies on the dynamic analysis of inverted bell-
shapedpagodas24, the results revealed adominant fundamentalmode shape.
Therefore, a higher number of measurements is not optimal and can sig-
nificantly increase the computational effort for real-time healthmonitoring.
Two accelerometer sensors are installed on the pagoda, as illustrated in
Fig. 3. One is at the top of the body part, considering the crown part is
significantly smaller in mass compared to the lower parts, and this signal is
hence considered as the structural motion. The other sensor is attached to
the pagoda base. The sensors are housed in protective enclosures to shield
them from harsh environmental conditions such as temperature fluctua-
tions, humidity, and rain. These sensors measure acceleration in three
components: two perpendicular horizontal directions and one vertical
direction, with an acceleration range of ±2450 cm/s². Aligned with the
tangential and radial directions of the pagoda’s structure, the sensors enable
real-time measurement of the pagoda’s acceleration. Data are recorded at a
24-bit resolution and a sampling rate of 100 times per second, with noise
levels as low as 0.1 cm/s², making the system a Class A accelerometer25. The
collected acceleration data are transmitted to cloud-based storage via a local
PC station. Additionally, a notification is immediately sent to the system
administrator whenever the sensors detect vibrations exceeding the average
ambient levels.

The measured acceleration obtained from Ch2, attached to the top of
the pagoda’s body, contains both the base motion and the pagoda’s body
motion. Hence, the acceleration obtained from Ch2 is subtracted by the
value measured by Ch1 to obtain the relative acceleration of the pagoda’s
body, which is used in the mathematical expressions explained in “Math-
ematical formulations”.

Ground motions
The dynamic parameters are determined through the analysis of four
remote earthquake datasets, each originating fromMyanmar26 as shown in
Fig. 427. Three of these earthquakes occurred in proximity, ~300 kmwest of
the pagoda, with a magnitude of about Mb 5. The fourth earthquake was
located 200 km northwest of the pagoda, with a magnitude of Mb 4.6. The
occurrence dates of all earthquakes are closely clustered, resulting in
minimal impact from time-dependent degradation. Figure 4 depicts the
measuredbase accelerations of the pagoda in the north-south (NS) and east-
west (EW) directions, represented in both the time and frequency domains

Table 1 | The pseudocode of inverse analysis procedure

Input: Time history of measured horizontal ground accelerations (ag) and pagoda acceleration
(a = ach1 – ach2), and maximum number of iteration K.
Output: Approximate solution of dynamic parameters b1 and b2.

1 Initial guess for the dynamic parameters b1
(1) and b2

(1)
.

2 for k = 1, 2, 3, …, K do
3 Compute the pagoda responses (u, u̇ and ü) from Eq. (5) via Newmark time integration.
4 Solving for the partial derivatives (∂ü/∂b1 and ∂ü/∂b2) from Eqs. (12) and (13) via
5 Newmark time integration.
6 Solving for Δb1

(k + 1) and Δb2
(k + 1) from Eq. (11).

7 Update: b1
(k + 1) = b1

(k)+ Δb1
(k + 1) and b2

(k + 1) = b2
(k)+ Δb2

(k + 1)

8 if
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δb2

1 þ Δb2
2

q
� 10�4 then exit for loop.

9 end of for loop
10 Converged values: b1 = b1

(k + 1) and b2 = b2
(k + 1)
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of seismic wave 1. In this study, due to the low amplitude of the earthquake
waves exciting the pagoda’s base, an extended 120-s duration is ensured to
cover the vibration range, and a Butterworth filter is applied to reduce the
background noise28. To increase the number of analytical results with lim-
ited waves, 120 s of each wave are fragmented into 12 segments of each 10-s
wave. Table 2 provides information on the seismic waves used in this study.
The peak base acceleration is between 0.153–0.371 cm/s2, and the main
frequency from the frequency domain analysis is about 0.15–2.53Hz.

Probabilistic assessment
The probabilistic assessment procedure is employed to perform the
uncertainty assessment29,30 of the dynamic properties of the Umong
Pagoda structure subjected to earthquake and seismic hazards. This
evaluation is based on the observed time series of acceleration signals
obtained from the structural health monitoring system. The dynamic
properties, including the damping ratio (ζ) and natural frequency (f),
are derived from inverse analysis to facilitate this probabilistic
assessment. Various probabilistic models were fitted to the dynamic
properties of damping ratio (ζ) and natural frequency (f). Subse-
quently, the log-normal distribution was identified as the most
appropriate model for both the damping ratio and natural frequency.
The formulation of the Probability Density Function (PDF) and
Cumulative Density Function (CDF) of the log-normal distribution is
presented in Eqs. (17) and (18), where μ and σ are the mean value and
standard deviation, respectively.

PDF : f xð Þ ¼ 1
xσ
ffiffiffiffi
2π

p exp � lnx�μð Þ2
2σ2

	 

for x > 0 ð17Þ

CDF : F xð Þ ¼ 1
σ
ffiffiffiffi
2π

p
R x
0
1
ε exp � lnx�μð Þ2

2σ2

	 

dε for x > 0 ð18Þ

Coefficient of determination
The coefficient of determination, R2, is utilized to assess the goodness
of fit between the dynamic properties derived from the inverse ana-
lysis. It serves as a statistical measure that quantifies the extent to
which the regression line accurately represents the observed data,
which is critical for both predictive modeling and hypothesis
testing7,31. In this study, the earthquake’s directionality was considered
by incorporating its azimuth in both the North-South (NS) and East-
West (EW) directions. Consequently, the coefficient of determination,
R2, was employed to evaluate the goodness of fit of the probability
distribution function (PDF) obtained from the probabilistic assess-
ment of the critical damping ratio and natural frequencies in the NS
and EW directions. The formulation of the coefficient of

Fig. 3 | Umong Pagoda as the structure under investigation. Photograph of the historic masonry pagoda at Wat Umong, Chiang Mai, Thailand, where the field
measurement was conducted. (Source: Authors)

Fig. 4 | Location of earthquake sources and the pagoda. Map showing the spatial
relationship between seismic sources (orange stars) and the pagoda site (red circle)
using data from Google Earth [27].
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determination, R2, is delineated in Eq. (19).

R2 ¼ 1� Sum squared regressionðSSRÞ
total sum of squaredðSSTÞ ð19Þ

where sum squared regression (SSR) is
P

yi � ŷi
� �2

and total sum of
squared (SST) is

P
yi � �y
� �2

. Equation (19) can be rewritten as given in
Eq. (20).

R2 ¼ 1�
P

yi � ŷi
� �2P
yi � �y
� �2 ð20Þ

where yi is the calculated actual value from the inverse analysis, and ŷi is the
predicted value from the probabilistic model (Probability Density Func-
tion, PDF).

Results
Full recorded waves
The inverse analysis conducted for the dynamic parameters, utilizing the
120-s full record of the four seismic waves, yields the convergence of
parameters b1 and b2, determined by the criteria outlined in Eq. (14), as
illustrated in Fig. 6. Subsequently, these parameters are utilized for the
calculation of the dynamic properties ζ and f, utilizing Eqs. (15) and (16).
From Fig. 6a, b, the parameter b2 values result in an averaged natural
frequency (f) of 3.56 Hz in theNSdirectionand3.64Hz in theEWdirection.
The averaged damping ratio (ζ) of 2.3% and 1.7% in the NS and EW
directions, respectively, is derived from the converged b1 (and b2, from
Eq. (15)), as depicted in Figs. 6c, d.

Twelve 10-S segmented seismic records
In each seismic wave, the base acceleration time history is divided into
twelve 10-s segmental seismic waves, as seen in Fig. 5 for Wave 1.
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Fig. 5 | Filtered acceleration signals at the base of the pagoda. Filtered acceleration recorded at the base of the pagoda during seismic wave 1: (a) North-South direction, (b)
East-West direction. The Fourier amplitude of acceleration signal is also shown.

Table 2 | Seismic waves of input ground motion

Wave Date Location Magnitude (mb) Depth (km) Distance (km) Peak base
acceleration
(cm/s2)

Main
frequency (Hz)

NS EW NS EW

1 March 17, 2018 18.385°N 96.151°E 5.1 19.1 300 0.159 0.269 0.20 2.53

2 April 20, 2018 18.322°N 96.160°E 5.0 17.1 300 0.153 0.156 0.15 0.16

3 June 17, 2018 18.275°N 96.070°E 5.0 10.0 306 0.181 0.271 0.34 2.28

4 July 1, 2018 20.259°N 97.911°E 4.6 10.0 200 0.362 0.371 0.18 0.29
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Consequently, one fully recorded wave used in the inverse analysis yields
twelve results. However, some results from all twelve segmental waves are
“Not aNumber,NAN”ordefined asnot realistic, especially in the beginning
and ends segments, and those of values are disregarded (too low/too high
values). Table 3 presents the results from the segmental inverse analysis of
Wave 1. The analysis results of Segments 5–8 are utilized to define the
probabilistic dynamicproperties. The selectionof these segments is basedon
the values of the damping ratio falling between 0.5 and 10%, which repre-
sents the typical damping range of buildings21. The results of the four waves,
excluding the anomalous values, are shown in Table 4. Figure 6 display the
distribution and skewness of the results. The averaged damping ratio stands
at 3.2% and 2.3% in theNS and EWdirections, respectively, each exhibiting
a standard deviation of 2.4%. In terms of natural frequency, theNS and EW
directions yield values of 3.60Hz and 3.64Hz, respectively, with standard
deviations of 0.09 and 0.07, respectively. The coefficient of variation (COV)
is used to measure the relative dispersion of events for dynamic parameters
of critical damping ratio and natural frequency. It is equal to the ratio
between the standard deviation and the mean, as shown in Table 4.

Additionally, the research concentrates on a comprehensive explora-
tion of critical damping ratios and natural frequencies in both the NS and
EW directions. This aims to carefully evaluate the uncertainty surrounding
the dynamic properties of a Masonry Pagoda. Various probability dis-
tribution functions, encompassing the Normal, Log-normal, Weibull,
exponential, andGrammardistributions, etc., amongothers, are thoroughly
scrutinized using the maximum likelihood method. The distribution was
selected for its ability to capture a sensitive uncertainty factor equally from
the mean value. It is well-suited to represent naturally measuring char-
acteristics when boundary values cannot be definitely defined. Conse-
quently, the log-normal distribution is determined to provide the most
suitable fit for describing both critical damping ratios and natural fre-
quencies in both NS and EW directions. This can be expressed as follows32:

lnx � Nðμ; s2Þ ð21Þ

where variable x represents either critical damping ratio or natural fre-
quency of the structure, μ and s2 are mean and unbiased variance of natural
logarithmic of x, respectively. The symbol N (·,·) is a normal distribution
function. These statistical parameters of log-normal distribution related
with the mean and unbiased variance of variable x as follows,

μx ¼ exp μþ s2

2

� �
ð22Þ

s2x ¼ expð2μþ 2s2Þ � expð2μþ s2Þ ð23Þ

The dynamic parameters derived from inverse analysis under seismic
wave propagation from earthquakes are depicted on probability papers
representing the log-normal distribution, as shown in Fig. 7. The values of
the log-normal parameters are presented in Table 5.

The coefficient of determination, R2, is employed to evaluate the
goodness of fit between the dynamic properties obtained through inverse
analysis and the log-normal distribution function. AnR2 value approaching
unity signifies an optimal degree of predictive accuracy. Accordingly, the
analysis revealed that, except for the critical damping ratio in both the NS
and ES directions, the corresponding dynamic properties yielded R2 values
of 0.975 and 0.934, respectively. Additionally, the R2 values for the natural
frequencies in the NS and ES directions were determined to be 0.981 and
0.942, respectively. Notably, the NS direction exhibited a more pronounced
alignment with the log-normal distribution than the WE direction. The
specific R2 values are detailed in Table 4.

Time histories obtained from solved dynamic parameters
The time histories of acceleration in the NS and EW directions, simulated
using Newmark’s algorithm with average acceleration, are depicted in

Table 4 | Inverse analysis results of twelve segments of all 4
waves, excluding the anomalous values

Wave NS Direction EW Direction

ζ f (Hz) ζ f (Hz)

Wave1-5 0.031 3.67

Wave1-6 0.007 3.55 0.013 3.62

Wave1-7 0.008 3.52 0.011 3.64

Wave1-8 0.031 3.60 0.016 3.69

Wave2-3 0.016 3.63

Wave2-4 0.080 3.63

Wave2-5 0.076 3.66 0.042 3.67

Wave2-6 0.008 3.63 0.007 3.70

Wave2-7 0.015 3.59 0.006 3.73

Wave2-8 0.025 3.72

Wave3-4 0.005 3.54 0.024 3.60

Wave3-5 0.036 3.84 0.023 3.60

Wave3-6 0.018 3.62 0.010 3.60

Wave3-7 0.014 3.49 0.006 3.58

Wave3-8 0.012 3.57

Wave3-9 0.034 3.62 0.026 3.60

Wave3-10 0.065 3.73 0.014 3.63

Wave3-11 0.043 3.50 0.085 3.72

Wave4-4 0.034 3.44 0.047 3.55

Wave4-5 0.067 3.59 0.010 3.58

Wave4-6 0.017 3.59 0.010 3.67

Wave4-7 0.011 3.49 0.012 3.57

Wave4-8 0.019 3.58

Wave4-9 0.042 3.55 0.006 3.75

Wave4-10 0.078 3.56 0.084 3.78

Avg 0.032 3.60 0.023 3.64

SD 0.024 0.09 0.024 0.07

COV 0.750 0.025 1.043 0.019

Min 0.005 3.44 0.006 3.55

Max 0.080 3.84 0.085 3.78

Table3 | Inverseanalysis resultsof twelvesegmentsofWave1.

Segmental
Wave 1

NS Direction EW Direction

b1 b2 Iteration b1 b2 Iteration

1 −0.14 0.98 415 −0.49 −0.01 394

2 NaN NaN 1000 −0.70 −0.31 292

3 6.17 426.09 172 21.44 324.82 359

4 −0.13 521.11 145 0.64 532.01 398

5 1.40 531.74 201 −0.03 545.46 171

6 0.33 498.90 199 0.58 516.82 154

7 0.33 490.40 148 0.51 521.90 125

8 1.40 511.61 212 0.73 538.45 161

9 8.57 428.74 188 0.16 525.45 659

10 8.81 452.24 259 37.05 608.38 270

11 NaN NaN 1000 NaN NaN 1000

12 0.06 −0.02 237 1.69 −0.65 187

NaNNot aNumber, represents divergenceor undefinednumeric results, such as theoutcomeof 0/0
or an infinity value.
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Figs. 8 and 9, respectively. The average dynamic parameters for NS and EW
excitations, as derived from Table 3, along with their variations corre-
sponding to two standard deviations (i.e., μ – 2sx, μ, and μ + 2sx), were
employed in Newmark’s algorithm. For the NS direction, illustrated in Fig.
8, the critical damping ratio values are 0.0, 0.032, and 0.08, with corre-
sponding natural frequencies of 3.42, 3.60, and 3.78Hz. Similarly, for the
EW direction, shown in Fig. 9, the critical damping ratio values are 0.0,
0.023, and 0.07, with corresponding natural frequencies of 3.50, 3.64, and
3.78Hz. It is important to note that any negative damping values resulting
from μ – 2sx calculations are replaced with zero.

Figures 8 and 9 show that the position of peak acceleration obtained
fromNewmark’s time integrationwith average dynamic parameters ismost
corrected. The value of peak acceleration in NS direction is significantly
lower than measured value. However, the value of peak acceleration in EW
direction is slightly lower than measured value.

Discussion
The comprehensive analysis of the dynamic properties of the Masonry
Pagoda under seismic excitations provides significant insights into the

structural behavior and inherent characteristics of such heritage structures.
The study’s findings are discussed in detail below:

The use of the full 120-s seismic records yielded converged parameters
b1 and b2 which facilitated the accurate calculation of the dynamic prop-
erties: the damping ratio (ζ) and the natural frequency (f). The results
demonstrated that the Masonry Pagoda exhibits an average natural fre-
quency of 3.56Hz in the NS direction and 3.64Hz in the EW direction.
These values indicate a relatively uniform stiffness in both directions, dif-
fering from the natural frequency determined using Finite Element
Method24 (samepagoda),whichwas reported as 4.45 Hz inbothNSandEW
directions. This indicated that the FEmethodmay not fully account for the
material deterioration or residual damage accumulated in the structure over
its service life. Consequently, this limitation could lead to an overestimate of
stiffness and a slightly higher predicted natural frequency, which is crucial
for understanding the overall structural integrity under seismic loads.

The damping ratios, 2.3% in the NS direction and 1.7% in the EW
direction arewithin the expected range for such ancientmasonry structures.
The slightly lower damping ratio in the EW direction suggests a minor
discrepancy in energydissipation characteristics between the twodirections.

Fig. 6 | Converged dynamic parameters from inverse analysis of full recordwaves.
Each subfigure presents results from four seismic waves. Converged values are
derived using the Gauss-Newton algorithm: a b2 and natural frequency f in NS

direction, b b2 and f in EW direction, c b1 and damping ratio ζ in NS direction, d b1
and damping ratio ζ in EW direction.
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This could be attributed tomaterial heterogeneity, constructionmethods, or
previous seismic events causing directional variance in the structural
properties.

The segmentation of the seismic records into twelve 10-s intervals
revealedmore granular insights into thedynamic behavior over shorter time
frames. Despite some segments yielding non-realistic or NAN results, the
majority of the segments provided valuable data. By focusing on segments
where the damping ratio fell within the 0.5–10% range, more reliable

probabilistic dynamic properties were derived. The averaged damping ratio
from the segmented analysis was found to be 3.2% in the NS direction and
2.3% in the EW direction, with standard deviations of 2.4% for both. The
corresponding natural frequencieswere 3.60Hz and 3.64 Hz,with standard
deviations of 0.09Hz and 0.07Hz, respectively. The coefficient of variation
(COV) values indicated a moderate level of dispersion, suggesting some
variability in the dynamic response, potentially due to factors such as
microstructural damage or variations in material properties. For instance,
the damping ratio (ζ) estimates exhibited a coefficient of variation (COV) of
0.75 and 1.04 for the NS and EW directions, respectively, reflecting higher
uncertainty compared to the natural frequency (f) estimations, which had
COV values below 0.03.

The evaluation of various probability distribution functions identified
the log-normal distribution as the best fit for describing both critical
damping ratios and natural frequencies in the NS and EW directions. The
log-normal distribution’s parameters were meticulously calculated, pro-
viding a robust statistical framework for understanding the variability and
reliability of the dynamic properties. The log-normal fit underscores the
inherent variability and skewness in the dynamic characteristics, high-
lighting the need for probabilistic approaches in the seismic assessment of

Fig. 7 | Statistical distribution of damping ratio andnatural frequency.Probability distributions arefitted to the inverse analysis results. Goodness-of-fit is quantified using
R2 values: a ζ in NS direction, b f in NS direction, c ζ in EW direction, d f in EW direction.

Table 5 | Lognormal parameters for the average damping ratio
(ζ) and natural frequency (f)

Data Log-normal Parameters

μ s R2

Critical Damping ratio (ζ) in NS direction −3.717 0.8165 0.975

Natural frequency (f) in NS direction 1.280 0.0242 0.981

Critical Damping ratio (ζ) in EW direction −4.127 0.8195 0.934

Natural frequency (f) in EW direction 1.292 0.0183 0.942
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heritage structures. This probabilistic understanding is vital for accurate risk
assessment and the development of targeted conservation strategies.

The time histories of acceleration generated using Newmark’s algo-
rithmwith average dynamic parameters and their variations showcased the
predictive accuracy of the inverse analysis. In the NS direction, the peak
acceleration values obtained were significantly lower than the measured
values, indicating potential underestimation of the dynamic response.
Conversely, in the EW direction, the peak values were slightly lower, sug-
gesting a closer match between the predicted and actual responses. These

discrepancies highlight the complexities involved in accuratelymodeling the
dynamic behavior of historical structures under seismic loads. Factors such
as material degradation, complex boundary conditions, and historical
alterations can contribute to the observed differences.

The invertedbell shape is a common formofhistoricMasonryPagodas
in Southeast Asia. Therefore, the results and procedure of this study can be
applied to several other pagodas. The findings have significant implications

(a)

(b)

(c)

Fig. 8 | Comparison of simulated and measured acceleration in NS direction.
Each case uses different combinations of mean and standard deviation of damping
ratio and natural frequency in the NS direction: a Simulation with ζ̅ – 2sζ,
b Simulation with ζ̅, c Simulation with ζ̅+ 2sζ.

(a)

(b)

(c)

Fig. 9 | Comparison of simulated and measured acceleration in EW direction.
Each case uses different combinations of mean and standard deviation of damping
ratio and natural frequency in the EW direction: a Simulation with ζ̅ – 2sζ,
b Simulation with ζ̅, c Simulation with ζ̅+ 2sζ.
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for the seismic assessment and conservation of long-standing historical
heritage structures with uncertain dynamic properties. Structural integrity
uncertainties, whether due to degradation over the structure’s service life or
potential defects during construction, can influence its dynamic properties
and the mode shapes. This study, along with several others11,12,14,15,
demonstrates that ambient vibration test serves as an effective method for
accurately identifying the actual response of such structures under their
actual service conditions. Accurately determining dynamic properties is
crucial for developing effective seismic retrofitting strategies that preserve
both structural integrity and historical value. The probabilistic approach
adopted in this study provides a more comprehensive understanding of
dynamic behavior by accounting for inherent uncertainties. This approach
can inform more resilient design interventions, ensuring the long-term
preservation of heritage structures in seismically active regions.

To address concerns regarding the simplification of the historical
pagoda structure as a single-degree-of-freedom (SDOF) system, authors
note that this approach is widely adopted for low-amplitude seismic exci-
tation analyses of structures exhibiting a dominant fundamental vibrational
mode. Previous studies of inverted bell-shaped pagodas24 have shown that
the fundamental mode governs the dynamic response under such condi-
tions. Consequently, while multi-degree-of-freedom models may capture
additional complexities, the SDOF assumption adequately represents the
essential dynamic behavior for the purposes of this study. This approach
ensures computational efficiency while maintaining analytical robustness,
especially for heritage structures with limited input data.

While theproposed inverse analysismethodprovidesvaluable insights,
it is important to acknowledge its limitations. The SDOF assumption
simplifies the structural dynamics, potentially overlooking higher-order
mode contributions that may become significant under stronger seismic
excitations. Material properties, such as the damping coefficient and
Young’s modulus, are assumed to be uniform based on literature values24,
introducing potential inaccuracies due to inherent heterogeneities in aged
masonry structures. Future studies could address these limitations by
incorporating higher-fidelity models and broader datasets.

Data availability
The datasets and codes used and/or analyzed during the current study are
available from the corresponding author upon reasonable request.

Code availability
The datasets and codes used and/or analyzed during the current study are
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